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INTRODUCTION. 

The  science  of  Optics  is  that,  in  wliicli  the  properties  and  laws  of 
light  and  insioti  are  treated  of. 

It  is  subdivided  into  Geometrical  Optics  and  Physical  0\)tlcs  : 
the  former  comprehending  the  application  of  certain  simple 
determined  properties  or  laws  of  light  to  the  theory  of  optical 
instruments,  and  the  structure  of  the  eye ;  and  the  latter  treat- 
ing of  the  phenomena  arising  from  properties  which  are  con- 
nected with  the  more  intimate  nature  of  light,  as  interference, 
polarization,  &c. 

In  the  present  First  Part  of  Geometrical  Optics,  the  theory  of 
optical  instruments  will  be  discussed,  by  taking  the  propositions 
to  first  approximations  only  ;  and  in  the  Second  Part  tlie  proposi- 
tions will  be  discussed  to  second  approximations,  and  the  more 
corrected  forms  of  some  of  the  instruments  treated  of.  This 
method  involves  the  advantages  of  a  more  elementary  treatise  in 
the  First  Part,  and  a  higher  one  in  combining  the  two  Parts. 


Our  whole  perception  and  knowledge  of  the  existence  of 
light  depends  on  the  eye,  as  the  organ  of  the  sense  of  vision ; 
and  through  it  we  receive  the  wonderful  perception  of  the  forms, 
colours,  positions,  &c.  of  distant  objects,  by  the  light  coming 
from  them.  Every  portion  of  space  through  which  light  tra- 
verses, is  in  Optics  called  a  medium.  Thus  a  vacuum,  the  at- 
mosphere, transparent  liquids  and  solids,  are  called  media. 

B 
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Bodies  are  translucent  which  transmit  light,  but  in  so  dis- 
turbed a  manner  that  the  forms  of  objects  at  a  distance  beyond 
them  cannot  be  distinguished;  the  term  transparency  being 
more  correctly  restricted  to  media  through  which  the  forms  of 
distant  objects  can  be  seen. 

Opaque  bodies  are  such  as  reflect  but  do  not  transmit  liglit. 
Few  bodies  are  so  opaque  that  they  do  not  exliibit  some  degree 
of  translucency  when  reduced  to  very  thin  lamina?.  Thus 
several  of  the  metals  can  be  beaten  into  leaves  so  thin  as  to  shew 
considerable  translucency,  though  in  none  h^  true  transparency 
been  established. 

'No  dense  medium  is  known  which  possesses  perfect  trans- 
parency ;  for  independently  of  the  light  which  is  scattered  in  all 
directions,  or  dispersed,  as  it  passes  from  one  medium  to  another, 
and  by  which  we  perceive  its  presence,  the  light  which  enters 
the  medium  is  also  subject  to  diminution  from  being  absorbed, 
as  well  as  dispersed.  Coloured  media  absorb  light  of  some 
colours  and  transmit  light  of  other  colours ;  a  moderate  thick- 
ness of  some  media  being  opaque  for  some  colours  and  transpa- 
rent for  others :  as,  for  instance,  red  glass  and  many  red-coloured 
liquids  transmit  nearly  all  the  red  light  falling  on  them,  but  no 
sensible  part  oi pure  yellow,  green,  blue,  or  violet  light. 

Rough  surfaces  of  bodies  scatter  or  disperse  a  large  portion 
of  the  light  falling  on  them,  by  which  their  peculiarities  of  figure, 
colour,  &c.  are  seen  by  eyes  situated  in  a  variety  of  positions. 
Smooth  and  polished  surfaces,  on  the  contrary,  reflect  light  accord- 
ing to  a  particular  law,  called  the  Law  of  the  reflexion  of  Light; 
and  the  quantity  so  reflected  is  very  different  at  different  sur- 
faces, being  only  about  one-thirtieth  when  light  falls  perpendi- 
cularly upon  a  sifrface  of  common  glass,  about  two-thirds  in  a 
perpendicular  reflexion  from  ordinary  silvered  looking-glass,  and 
a  little  more  from  highly-polished  speculum  metal. 

When  light  traverses  a  transparent  medium,  its  direction  is  in 
a  straight  line  from  one  point  through  which  it  passes,  to  any 
other,  for  it  will  pass  along  a  straight  tube  between  the  two  points, 
but  not  along  a  bent  one  :  when  it  passes  from  a  given  point  in  one 
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medium  to  another  point  in  another  medium  of  different  density, 
falling  obliquely  upon  their  common  surface,  its  path  is  made 
up  of  two  straight  lines,  which  meet  in  some  angle  at  the  com- 
mon boundary  of  the  two  media.  The  abrupt  change  in  the 
direction  of  light,  when  it  passes  from  one  medium  to  another  of 
different^densitjj  is  subject  to  a  particular  law,  called  the  Law  of 
the  refraction  of  Light. 

It  is  familiar  to  every  one  that  the  illumination  is  feebler  as 
the  distance  from  an  origin  of  light  is  greater :  this  change  of 
illuminating  power  is  expressed  in  the  Law  of  the  intensity  of 
Light  at  different  distances  from  a  ^/uminous  body. 

The  same  law  of  refrac^on'\\6\(\%  /goo&  for  light  of  all  colours ; 
but  the  amount  of  refraction  or  bending  at  given  surfaces  is  dif- 
ferent for  each  colour ;  and  in  the  passage  of  light  through  a 
prism,  gives  rise  to  the  chromatin;  or  coloured  dispersion  of  light. 

The  three  laws  above  named,  and  the  properties  of  media  in 
respect  of  chromatic  dispersion,  are  the  foundation  of  the  princi- 
pal propositions  in  Geometrical  Optics. 

In  speaking  of  distinct  portions.of  light,  we  continually  use 
the  terms,  a  ray  of  light,  and  a  pencil  of  rays,  or  a  pencil  of 
light.  By  a  ray  of  light  we  mean,  the  smallest  portion  of  light 
which  can  be  conceived;  it  is  represented  by  the  line  or  lines 
which  constitute  its  path.  By  a  pencil  of  light  we  mean,  an 
assemblage  of  rays  constituting  a  cylindrical .  ox  conical  stream 
of  light.  •  ■  ' 

On  account  of  the  physical  properties  of  light,  we  can  never 
separate  a  pencil  of  the  above  forms  accurately  from  the  rest  of 
the  light  whicli  radiates  from  any  luminous  point ;  but  the  effect 
alluded  to,  taking  place  only  near  the  boundaries  of  the  pencil, 
will  not  sensibly  disturb  our  geometrical  results,  unless  the  pencil 
be  reduced  to  small  dimensions :  it,  however,  prevents  our  sepa- 
rating so  small  a  pencil,  that  in  delicate  experiments  we  could  con- 
s^'der  it  a  ray.  From  what  has  just  been  said,  it  will  be  perceived 
that  a  knowledge   of  Physical  Optics  is  necessary  in  order  to 
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understand  thoroughly  the  phenomena  presented  in  many  cases 
by  optical  instruments. 

A  stream  of  light  is  called  a  converging  pencil  when  the  rays 
converge  to  the  vertex  of  the  cone,  called  a  focus,  and  a  diverging 
pencil  when  they  diverge  from  it.  The  axis  of  the  cone  in  each 
case  is  called  the  axis  of  the  pencil.  When  the  stream  consists 
of  parallel  rays,  the  pencil  is  called  cylindrical ;  and  the  axis  of 
the  cylinder  is  called  the  axis  of  the  pencil. 

In  nature,  light  diverges  in  all  possible  directions  around 
each  luminous  point,  so  that  our  pencils  are  primarily  all  di- 
verging;  but  when  the  luminous  origin  is  very  distant,  as  in 
the  case  of  the  heavenly  bodies,  the  rays  in  every  pencil  we 
consider  are  sensibly  parallel,  and  the  results  are  those  for  cy- 
lindrical pencils.  Though  converging  pencils  do  not  exist  ori- 
ginally in  natural  streams  of  light,  they  nevertheless  are  con- 
tinually produced  in  optical  instruments. 

The  various  sources  of  light  are  divided  into  two  classes  : 
those  of  self-luminotis  origins,  as  the  sun,  the  fixed  stars,  the 
flames  of  burning  substances,  the  electric  light,  &c. ;  and  those 
secondary  origins  of  light,  the  surfaces  of  opaque  bodies,  which 
are  visible  only  by  the  light  they  reflect,  and  are  invisible  in  the 
dark,  as  the  moon  and  planets,  and  opaque  bodies  generally. 

As  far  as  the  propositions  of  Geometrical  Optics  are  concerned, 
it  is  immaterial  from  which  of  these  classes  the  light  arises. 

Light  traverses  the  planetary  spaces  with  a  velocity  of  up- 
wards of  190,000  miles  per  second  of  time.  This  was  first  esta- 
blished by  the  Danish  astronomer  Roemer,  who  found  that  the 
appearance  of  the  eclipses  of  Jupiter's  satellites  occurred  about 
sixteen  minutes  later  than  the  calculated  times  when  that  planet 
and  the  earth  were  in  opposite  directions  from  the  sun,  and 
therefore  were  the  most  distant,  the  calculations  being  adapted 
to  times  when  they  were  in  the  same  direction  from  the  sun,  and 
therefore  were  nearest  to  each  other.  The  difference  of  these 
distances  is  the  diameter  of  the  earth's  orbit ;  so  that  we  con- 
clude, that  light  comes  from  the  sun  in  about  eight  minutes, 
giving  a  velocity  of  192,500  miles  per  second. 
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Dr.  Bradley  afterwards  discovered  that  the  fixed  stars  have 
a  change  of  apparent  place  during  the  earth's  revolution  round 
the  sun,  which  arises  from  the  composition  of  the  velocity  of 
light  with  the  velocity  of  the  earth  in  its  orbit;  this  is  called 
tJie  aberration  of  the  fixed  stars.  The  velocity  of  light,  deduced 
from  observing  the  amount  of  this  aberration,  is  but  slightly 
different  from  the  former. 

We  may  consider  the  above  as  the  velocity  of  light  in  a 
vacuum,  whether  it  comes  from  a  primary  or  secondary  origin ; 
but  we  find  in  Physical  Optics  that  the  velocity  is  slower  in  dense 
media,  depending  on  their  refractive  powers. 

It  is  not  necessary,  in  order  that  a  point  may  remain  con- 
tinually visible,  that  the  light  must  radiate  from  it  in  a  conti- 
nuous stream ;  for  the  impression  of  light  on  the  eye  is  found 
to  remain  a  sensible  time,  which  probably  differs  with  different 
eyes,  being  about  one-seventh  or  one-eighth  part  of  a  second. 
This  is  shewn  by  causing  a  piece  of  lighted  charcoal,  tied  to  a 
cord,  to  be  whirled  round  in  a  circle  in  the  dark.  If  the  re- 
volutions are  about  seven  or  eight  in  a  second,  the  whole  circle 
appears  continuously  luminous.  During  this  interval,  it  will  be 
seen  that  light  would  travel  a  distance  of  25,000  miles. 


ON  THE  THREE  FUNDAMENTAL  LAWS  OF  LIGHT. 

Definition.  The  intensity  of  the  light  falling  on  any  sur- 
face is  measured  by  the  quantity  of  light,  or  the  number  of 
equally  bright  rays  falling  on  a  unit  of  area,  supposing  the 
intensity  uniform. 

Whilst  we  only  require  relative  values  of  intensity,  the  above 
definition  is  sufficient,  without  knowing  absolute  measures  de- 
pending on  tbf  "  ctsscnption  of  some  definite  unit.     Such  a  unit 
.    Viigl^t,  however,  befouiid  in  the  light  given  out  by  a  unit  of 
iolume  of  a  gas  burW  in  a  given  manner. 


X    Law   1.      The  inksity  of  the  light  at  different  distances  from 
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Let  ^  bo  the  luminous  point  from 
which  light  radiates  unit't)rmly  in  all  di- 
rections ;  prj  a  given  xmall  area  at  a  dis- 
tance D  from  J,  and  perpendicular  to 
the  line  drawn  from  its  center  to  yi ; 
p'q  an  equal  area  similarly  situated  at  a 
distance  D'. 

Let  I  be  the  intensity  at  the  dis- 
tance B,  and  /'  at  the  distance  D'.  If 
we  suppose  the  surfaces  of  two  spheres,  whose  radii  are  D  aud 
ly  respectively,  to  be  described  through  pq  and  p'y\  the  whole 
radiant  light  will  pass  uniformly  through  their  surAices  with  the 
intensity  at  each  proportional  to  the  quantity  of  light  on  a  unit 
of  area. 

Q     /_. quantity  of  light  falling  on  the  areapq 
'  r     quantity  of  light  falling  on  the  area ^5-' 


whole  radiant  light  from  A  x 


area  of  j)q 


area  of  ttie  spherical  surface  whose  radius =2? 


area  ofp't/' 


area  of  the  spherical  surface  whose  radius  =  />' 


whole  radiant  light  from  A  x 

or,  intensity  at  a  distance  Z) :  intensity  at  a  distance  D'  : 


Definitions.  When  a  ray  of  light  falls  upon  any  surface  of 
a  medium,  the  angle  which  it  makes  with  the  perpendicular  to  the 
i^urfacc  at  the  point  of  incidence  is  called  the  amjle  of  incidence. 


The  angle  which  the  reflected  ray  makes 
with  the  same  perpendicular  is  called  the 
angle  of  reflexion. 


■:^f5 — <-:;r 


The  angle  which  the  refracted  ray  with 
in  the  medium  makes  with  the  same  pej  , 
pendicidar  produced,  iS  called  tlie  angle     1    ^^ 
refi'actio7i. 
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The  angle  which  the  reflected  or  refracted  ray  makes  with 
the  incident  ray  produced,  is  called  the  angle  of  deviation,  or 
deviation  of  such  ray. 

If  Pu4  in  the  figure  be  a  ray  incident  on  the  surface  BAC 
of  the  medium,  AQ  the  reflected  ray,  AR  the  refracted  ray, 
NAN'  the  normal  to  the  surface  at  A;  then  PAN  is  the  angle 
of  incidence,  QAN  the  angle  of  reflexion,  RAN'  the  angle  of 
refraction ;  also,  if  we  produce  PA  to  p,  RAp  is  the  deviation 
of  the  refracted  ray,  and  QAp  of  the  reflected  ray.  Tj^J) 

Law  2.  In  the  reflexion  of  light,  the  incident  ray,  the  normal 
to  the  reflecting  surface  at  the  point  of  incidence,  and  the  reflected 
ray,  lie  all  in  one  2}lane,  and  the  angle  of  reflexion  is  equal  to  the 
angle  of  incidence. 

This  law  is  easily  verified  experimentally  ;  but  the  most 
severe  tests  of  its  accuracy  are  the  observations,  in  astronomical 
observatories,  with  the  mural  circle,  which  are  taken  by  reflexion 
in  a  trough  of  mercury.    ■ 


Let  AaB  be  the  position 
of  the  telescope  of  the  mui-al 
circle,  when  the  image  of  a 
Star  is  seen  upon  the  lidri- 
zontal  wire  in  the  focus  of 
the  eye-glass,  by  reflexion  at., 
the  horizontal  surface  of  the 
mercury  at  m ;  AaB  when 
the  image  is  seen  in  the  same 
position  by  light  from  the 
star  directly.  Then  the  angle 
AaA' ,  through  which  the  telescope  has  been  turned,  is  twice  the 
altitude  SaH  of  the  star ;  aH  being  a  horizontal  line. 


The  truth  of  this  result  depends  on  the  perfect  accuracy  of 
the  law  of  reflexion ;  and  as  the  mural  circle  is  the  most  accu- 
rate of  all  divided  instruments,  if  the  altitudes  of  the  stars,  ob- 
tained from  direct  observations,  combined  with*  observations  by 
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reflexion  in  mercury,  had  not  agreed  with  those  found  by  means 
of  the  vertical  direction  determined  by  the  plumb-line,  the  error 
must  have  been  detected. 

Law  3.  In  the  refraction  of  light,  the  incident  ray,  the  nor- 
mal to  the  refracting  surface  at  the  point  of  iticidence,  and  the 
refracted  ray,  lie  all  in  one  plane,  and  the  sine  of  the  angle  of 
refraction  hears  a  constant  ratio  to  the  sine  of  the  angle  of  itici- 
dence; the  ray  in  the  denser  medium  lying  nearer  to  the  normal 
than  in  the  rarermedium. 

That  the  course  of  light,  in  pass- 
ing obliquely  from  one  medium  into  jj^ 

another,  is  abruptly  changed  at  the    ^ ^-     " ' 

common  surface  of  the  media,  and    \~'  ;^^ 

is  further  from  the  perpendicular  in 
the  rare  medium,  is  easily  shewn  ex- 
perimentally by  putting  a  piece  of 
coin  at  the  bottom  of  a  basin,  as  at  a  in  the  figure,  and  then 
placing  the  eye  as  at  e,  so  that  the  coin  cannot  be  seen  f<ji  tlie 
interposing  edge  of  the  basin ;  by  pouring  water  into  the  basin, 
the  coin  becomes  visible  in  the  direction  eh,  the  light  from  a 
following  the  broken  path  ahe. 

By  more  accurate  experiments  the  truth  of  the  law  is  veri- 
fied ;  and  the  applications  of  the  law  in  the  construction  of 
optical  instruments,  giving  results  in  accordance  with  facts  in 
the  most  minute  particulars,  lead  us  to  conclude  its  general 
truth. 

The  ratio  which  the  sine  of  the  angle  of  refraction  bears  to 
the  sine  of  the  angle  of  incidence  is  generally  represented  by  the 
Greek  letter  /x,  and  is  called  the  refractive  index  ; 

sine  of  angle  of  incidence  _ 
'  sine  of  angle  of  refraction "~ 

In  the  law  of  refraction  it  is  meant,  that  whilst  the  two 
media  in  which  the   light  moves  are  the  same,  the  value  of /x 
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is  constant,  liowever  the  angle  of  incidence  may  vary;  but  fi 
has  different  values  for  different  media,  and  generally  is  greater 
when  the  light  passes  into  more  dense  or  into  inflammable 
media.  It  has  also  diffbrent  values  for  different  colours  of  light 
in  the  same  medium,  giving  rise  thus  to  the  chromatic  disper- 
sion. 

The  above  is  called  the  law  of  ordinary  refraction,  and  holds 
good  for  glass,  transparent  liquids,  and  uncrystallised  solids, 
and  many  crystals ;  there  are,  however,  many  other  crystallised 
bodies  which  have  double  refraction,  a  single  ray  in  air  giving 
rise  to  two  refracted  rays  in  the  crystal.  One  of  these  follows, 
in  some  crystals,  the  law  of  ordinary  refraction,  and  the  other 
follows  an  extraordinary  refraction ;  in  other  crystals  both  the 
refracted,  rays  have  extraordinary  refraction.  For  the  pheno- 
mena of  double  refraction  the  student  is  referred  to  Physical 
Optics. 

When  the  light  passes  from  a  vacuum  into  a  dense  medium, 
fi  is  then  called  the  absolute  refractive  index,  and  is  always 
greater  than  unity.  For  some  colours  of  light,  /x  is  about  f  for 
water,  about  |  for  glass,  and  about  2'5  for  diamond.  A  table 
of  refractive  indices  will  be  found  at  the  end  of  the  volume. 
When  light  passes  from  one  dense  medium  into  another,  the 
ratio  of  the  sines  of  incidence  and  refraction  is  then  called  the 
relative  refractive  index  of  the  media.  If  a  ray  of  light  passes 
from  a  dense  medium  into   a  vacuum,  the  refractive  index  is 

then  — ,  and  the  law  of  refraction  holds  good  with  this  value. 

The  refractive  index  for  a  vacuum  into  air  is  so  nearly  equal 
to  unity,  that  we  may,  in  ordinary  questions,  take  the  refrac- 
tion from  air  into  any  dense  medium  as  if  from  a  vacuum  into 
the  medium,  without  any  sensible  inaccuracy. 

•  It  will  be  seen  from  what  has  been  said,  that  the  path  of 
a  ray  will  be  the  same  whichever  way  it  comes,  both  in  cases 
of  reflexion  and  refraction ;  so  that  in  the  solution  of  optical 
problems  wc  may  take  the  light  as  passing  either  one  way  or 
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the  other,  along  the  path  determined  by  the  law  of  reflexion  or 
refraction  respectively. 

Tlie  science  of  Optics  is  sometimes  subdivided  into  Catoptrics, 
in  which  the  reflexion  of  light  is  treated  of ;  and  Dioptrics,  that 
in  which  the  refraction  of  light  is  treated  of. 


\ 


CHAPTER  I. 


ON  PHOTOMETRY. 


This  branch  of  Optics  is  of  great  importance  not  only  in  deter- 
mining the  relative  values  of  different  sources  of  artificial  light, 
but  in  comparing  the  effectiveness  of  different  optical  instru- 
ments, and  in  many  problems  of  Physical  Optics. 

Three  classes  of  instruments  have  been  proposed  as  photo- 
meters, of  which  only  one  class  strictly  deserves  the  name ;  the 
other  two,  which  depend  on  the  heating  and  chemical  powers 
which  generally  accompany  light,  cannot  be  considered  as  in- 
dicating invariably  measures  of  that  effect  of  light  which  is 
concerned  in  producing  the  sensation  of  vision.  A  referejice 
to  the  judgment  of  the  eye  becomes,  therefore,  essential  in  a 
true  photometer,  and  the  part  the  eye  has  to  perform  is  the 
determining  when  the  illuminations  produced  from  two  differ- 
ent sources  are  equal,  the  indications  of  the  instrument  then 
giving  the  means  of  calculating  the  relative  intensities  required 
in  the  problem. 

Article  1.  A  simple  and  effective  photometer  may  be  con- 
structed as  in  the  figure  ;  where  AB  is  an  opaque  screen  with 


^ 


a  reciangular  aperture  in  its  center ;  and  CD  is  another  screen, 
set  as  nearly  perpendicular  to  the  direction  of  the  lights  as  pos- 
sible, of  which  a  large  apertiu'c  in  its  center  is  covered  with  thin 
tissue-paper.      The  flames  a  and  6,  whose  light  is  to  be  com- 
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pared,  will  each  illuminate  a  rectangular  portion  of  the  tissue- 
paper  by  the  light  passing  through  the  aperture  in  AB,  as 
shewn  in  the  figure ;  and  an  eye  placed  as  at  e,  behind  the 
screen  CDy  will  distinguish  through  the  tissue-paper  with  con- 
siderable accuracy,  when  the  two  illuminations  are  equal,  one  of 
the  flames  being  moved  nearer  or  further  away,  until  its  illumi- 
nation equals  that  of  the  other. 

Let  Ii  and  I^  be  the  intensities  of  the  illuminations  from  a 
and  h  respectively  at  the  distance  unity  ;  D^  and  D^  respectively 
their  distances  from  the  screen  CD  when  they  illuminate  the 
tissue-paper  equally.     We  have,  from  Law  1, 


—      -     or,     7^~77^ 


i)i2         ])2  1^        ]J2 


,  or,  the  intensities  which  measure  the  values  of  the  illuminating 
powers  are  directly  as  the  squares  of  the  distances  from  the 
screen. 

In  place  of  the  screen  AB,  a  straight  rod  may  be  set  up,  of 
which  the  two  shadows  may  be  received  upon  any  white  surface 
at  CD.  The  eye  being  now  in  front  of  CD  will  see  when  the 
shadows  are  of  equal  intensity,  but  not  with  nearly  the  accuracy  of 
the  former  method,  as  the  shadows  are  surrounded  by  the  double 
illumination,  and  the  eye  is  not  so  favourably  situated.  In  this 
method  it  will  be  seen  that  each  flame  shines  upon  the  shadow 
of  the  rod  cast  by  the  other. 

The  same  principle  may  be  modified  in  many  ways,  so  as  to 
determine  the  intensities  of  lights ;  as,  for  instance,  the  portion 
which  is  transmitted  by  different  trmsparent  media,  or  reflected 
by  various  kinds  of  mirrors. 

Many  diflierent  forms  of  photometers,  invented  by  Bouguer, 
and  described  in  his  Traite  d'Optique,  will  be  found  noticed  in 
Dr.  Priestley's  History  of  Vision.  The  most  sensitive  photo- 
meter is  the  one  which  was  used  by  the  author  in  his  researches 
upon  the  reflective  powers  of  metals  and  glass.  (See  Brewster  s 
Edinburgh  Journal  of  Science  for  1831.) 
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Art.  2.  Prop.  To  shew  how  objects  appear  equally  bright 
at  all  distances  from  the  eye. 

The  distance  is  supposed  not  to  be  so  great  that  any  sensible 
part  of  the  light  is  lost  by  its  passing  through  the  air. 

Each  very  small  part  of  the  surface  of  an  object  may  be 
taken  as  a  luminous  point,  and  the  intensity  of  the  light  from  it 
will  be  inversely  as  the  distance  squared ;  but  when  the  object 
is  removed  from  the  eye,  the  apparent  linear  dimensions  become 
less  directly  as  the  distance  becomes  greater,  or  the  apparent 
area  of  its  surface  becomes  inversely  proportional  to  the  square 
of  the  distance  ;  aftd  the  same  number  of  luminous  points  being 
congregated  upon  this  apparently  smaller  area,  the  number  of  ■ 
such  points  upon  a  given  apparent  area  is  proportional  to  the 
distance  squared. 

Now,  the  apparent  brightness  of  any  surface  is  proportional 
to  the  intensity  of  the  light  at  the  eye  from  each  luminous  point, 
and  to  the  number  of  luminous  points  in  a  given  apparent  area ; 

that  is,  the  apparent  brightness  varies  as  ffy-. ^  from  the 

first  cause,  and  as  {Distance^  from  the  second,  or  it  remains 
constant. 

Art.  3.  Prop.  If  a  small  plane  surface  be  illuminated  di- 
rectly by  the  light  from  another  such  surface,  the  illumination  is 
proportional  to  the  area  of  the  latter  x  intensity  of  the  light  at  a 
distance  unity  from  each  of  its  points  -r-  the  distance  between  the 
surfaces  squared. 

For  since  the  surfaces  are  both  small,  and  the  light  falls 
directly,  or  perpendicularly,  upon  the  illuminated  one,  the  illu- 
mination must  depend  on  that  from  each  elementary  part  or 
luminous  point,  and  on  the  nujnber  of  such  points  or  on  the 
magnitude  of  the  illuminating  area.     But  the  illumination  from 

each  point  being  •— ,  and  putting  A  for  the  illuminating  area, 

expressed  in  terms  of  the  number  of  elementary  portions,  which 
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are  each  taken  as  luminous  points,  we  have  the  whole  illumi- 
nation at  the  surface 

Axl 

Cor.  The  expression  just  found  may  be  taken  to  represent 
the  apparent  brightness  of  the  illuminated  surface ;  and  if  the 
light  is  incident  obliquely  upon  it,  at  an  angle  of  incidence  =  «", 

the  apparent  brightness  =——- cos. e. 

For  the  distance  D  being  supposed  to  ^    .( 

be  great  compared  with  the  magnitude  of 
the  planes,  we  may  suppose  the  light  to 
form  a  pencil  of  parallel  rays.  The  ap- 
parent brightness  being  proportional  to 

the  number  of  rays  falling  on  a  given  area,  we  see  by  the  an- 
nexed figure  that  the  number  falling  on  any  area  of  the  perpen- 
dicular surface  is  to  the  number  on  an  equal  area  of  the  surface 
inclined  to  it  at  an  angle  e,  as  1  to  cos.  i. 

Therefore  the  apparent  brightness  of  the  inclined  surface 
Axl 


2^2 


COS.  I. 


Art.  4.  With  respect  to  the  intensity  of  the  light  radiating 
from  a  luminous  surface  at  different  inclinations,  it  has  been 
found  that  such  surfaces  appear  equally  bright  at  all  inclina- 
tions ;  but  the  number  of  luminous  points  in  any  given  apparent 
area  is  proportional  to  secant  i ;  hence  wc  deduce  that  the  in- 
tensity of  the  light  radiating  round  each  luminous  point  varies 

as :,  or  as  cos. if  i  being,  as  before,  the  angle  between  the 

sec.e 

ray  and  the  normal  to  the  surface. 


EXAMPLES. 


Ex.  1.    If  an   argand  lamp  gives   an    illumination    upon   a 
screen  when  9  feet  distant  from  it,  equal  to  that  from  a  wax- 
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light  when  3  feet  from  it,  shew  that  the  h'ght  of  the  lamp  is 
equivalent  to  that  of  nine  such  wax-lights. 

Ex.  2.  If  a  cubic  inches  of  one  kind  of  gas,  burned  at  a  dis- 
tance of  m  feet  from  a  screen,  give  an  equal  illumination  to  b 
cubic  inches  of  another  kind,  burned  in  the  same  time,  at  a 
distance  of  n  feet;  required  the  relative  values  of  the  gases  as 
sources  of  artificial  light. 

One  cubic  foot  of  the  first  =  -.^  of  a  cubic  foot  of  the 
%  second. 


a    n 


Ex.n3.  The  illuminations  from  two  flames  upon  a  screen  are 
tlie  same  tvhei^ne  of  them  is  at  a  distance  of  40  inches  from  it ; 
but  when  aNpiece  of  window-glass  is  interposed  between  it  and 
the  scre^  it  requires  to  be  drawn  to  a  distance  of  38  inches  in 
order  tlret  the  illuminations  may  be  again  equal :  shew  that  the 
glass  transmits  rather  more  than  90  rays  of  every  100  incident. 
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ON  THE  REFLEXION  OF  LIGHT  BY  PLANE  MIRRORS. 


In  the  following  propositions  it  will  be  shewn  that  the  effect  ol" 
a  plane  mirror  is  to  change  the  direction  of  a  pencil  falling  upon 
it,  without  affecting  its  condition  as  to  parallelism,  divergence, 
or  convergence ;  although  only  a  portion  of  the  incident  light  is 
reflected. 

Art.  5.  Prop.  fVTien  a  pencil  of  parallel  rays  falls  upon 
a  plane  mirror,  the  reflected  pencil  consists  of  parallel  rays. 

Let  PA,  QB  be  any  two  of 
the  parallel  rays  of  the  incident 
pencil,  falling  upon  the  plane  mir- 
ror CD  at  the  points  A  and  B  re- 
spectively. Let  AM,  BN  be  the 
normals  to  the  mirror  at  A  and 
B  respectively,  which  are  paral- 
lel ;  by  Euclid,  book  xi.  prop.  6. 

Let  the  ray  PA  be  reflected  in  the  direction  AR,  and  joining 
AB,  let  the  plane  BAB  meet  the  plane  QBN  in  the  line  BS  { 
then  BS  is  the  direction  of  the  ray  QB  after  reflexion,  and  is 
parallel  to  RA.  For,  by  the  law  of  reflexion,  the  lines  PA, 
AM,  AR,  are  all  in  one  plane,  and 

angle  of  reflexion  MAR  =  angle  of  incidence  MAP 

=  angle      .     .     ,      iV^^Q  ...  by  Euclid, 
book  xi.  prop.  10. 

Also,  plane  QBS  is  parallel  to  plane  PAR  «  • » by  Euclid,  book  xi. 
prop.  15. 

And  line  J^jS*  is  parallel  to  line  ^-R  .  ,  ,  byEuclid,bookxi.prop.  lO. 

Therefore,  L  SBN=  L  RAM 

^LPAM 

=  L  QBN 


REFLEXION  OF  LIGHT  BY  PLANE  MIRRORS. 
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And  SB  is  the  reflected  ray  corresponding  to  the  incident 
ray  QB. 

The  same  holds  good  for  any  other  rays,  and  the  reflected 
pencil  consists  of  parallel  rays.  It  is  easily  seen  that  the  distance 
of  the  rays  is  the  same  before  and  after  reflexion,  so  that  the 
transverse  section  of  the  pencil  is  unchanged. 

Art.  6.  Prop.  If  a  diverging  or  converging  pencil  is  in- 
cident on  a  plane  mirror,  the  focus  of  the  reflected  pencil  is 
situated  on  the  opposite  side  of  the  mirror  to  that  of  the  incident 
pencil,  and  at  an  equal  distance  from  it. 

First,  let  the  pencil  be  a  di- 
verging one,  and  let  Q  be  the 
focus  of  the  incident  rays,  or 
point  from  which  they  diverge, 
in  the  figure.  Let  the  line 
CNAB  represent  a  section  of 
the  surface  of  the  mirror  ;  draw 
the  line  QNq  perpendicular  to 
CAB,  and  make  qN=QN; 
then  q  is  the  focus  of  the   re-  ? 

fleeted  rays.  For  let  QA,  QB,  QC  he  any  of  the  incident  rays 
in  the  plane  of  the  figure ;  draw  the  line  AM  perpendicular  to 
CAB,  and  AM,  making  the  angle  MAIl  =  angle  of  incidence 
MAQ;  then  AR  is  the  reflected  ray.  Join  qA;  the  right- 
angled  triangles  QAN,  qAN  are  equal  by  construction,  and 

LNqA=LNQA 

=  alternate /.M/^Q 

=  LMAR 

and     LQAq+  LQAli  =  %.  LQAN+^.  LNQA 

=  2  right  angles 

.'.  qA  and  AR  are  in  one  straight  line. 

Similarly  it  is  shewn  that  the  direction  of  every  reflected  ray 
is  as  if  it  had  proceeded  from  q ;  or  q  is  the  focus  of  the  reflected 
rays. 

c 
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In  this  case,  q  is  called  a  virtual  focus ;  the  term  real  focus 
being  used  in  contradistinction,  to  indicate  that  the  rays  have 
actually  passed  through  the  point  so  called.  As  far  as  the  opti- 
cal properties  of  the  rays  are  concerned,  it  is  immaterial  whether 
they  proceed  from  a  real  or  a  virtual  focus ;  and  an  eye,  into 
which  the  reflected  rays  enter,  perceives  the  point  5'  as  a  virtual 
image  of  the  luminous  point  Q. 

It  is  evident  that,  if  a  pencil  of  rays  converging  to  q  had  fallen 
upon  the  mirror,  they  would  have  been  reflected  to  a  real  focus 
Q,  and  have  then  diverged  again. 

The  ray  QN,  which  falls  perpendicularly  upon  the  mirror,  is 
reflected  directly  back  again ;  and  whenever  we  see  a  luminous 
point  and  its  image  in  one  straight  line,  that  straight  line  is  per- 
pendicular to  the  mirror.  This  property  is  of  great  service  in 
many  optical  experiments ;  for  instance,  if  we  want  to  determine 
whether  the  two  surfaces  of  a  plate  of  glass  are  accurately  paral- 
lel, we  do  it  most  readily  by  placing  a  pin  or  needle  directly  be- 
fore the  pupil  of  the  eye,  and  observing  whether  the  two  images 
of  the  light  reflected  by  it,  which  are  formed  by  the  two  surfaces 
of  the  glass  plate,  coincide  in  every  way  ;  and  if  they  do,  the 
surfaces  at  that  part  of  the  plate  must  be  parallel. 

Art.  7.  Prop.  To  Jijid  the  position  and  form  of  the  image 
of  an  object  placed  before  a  plane  mirror. 

Let  the  mirror  be  per- 
pendicular to  the  plane  of 
the  paper,  and  intersect  it 
in  the  line  CDE.  Let  the 
arrow  AB,  in  the  plane  of 
the  paper,  be  the  object. 
From  any  point  M  draw 
the  perpendicular  to  the 
mirror  MDm,  and  make 
mD^^MD ;  then  m  is  the 
viitual  image  of  the  point  M;  and  the  same  being  done  for  all 
the  points  in  AB,  we  have  a  series  of  corresponding  points 
forming  a  virtual  image  a6,  situated  as  in  the  figure.     This 
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image  is  evidently  of  the  same  form  and  magnitude  as  the  ob- 
ject, but  inclined  differently;  the  point  a,  the  highest  in  the 
image,  corresponding  to  the  point  A,  the  lowest  in  the  object. 

If  the  object  were  of  any  form  whatever,  we  should  find  the 
image  in  the  same  manner  to  be  of  the  same  form  and  magni- 
tude, at  an  equal  distance  from  the  mirror  on  the  opposite  side 
of  it,  but  with  its  different  parts  inverted  with  respect  to  a  given 
direction  ;  as  in  the  ordinary  use  of  a  looking-glass,  we  perceive 
that  the  right  hand  of  the  image  corresponds  to  the  left  hand  of 
the  object.  If  an  eye  were  situated  at  e  in  the  figure,  the  small 
pencil  which  entered  the  pupil  from  any  point  iV"  in  the  object 
would  proceed  as  if  from  n,  the  corresponding  point  in  the 
image. 

Art.  8.  Prop.  Tojind  the  form  and  position  of  the  image 
when  the  light  from  an  object  has  been  reflected  at  each  of  tivo 
plane  mirrors. 

Let  JB  be   the   object,   CI),  EF 
the  two  mirrors.     Drawing  perpendi- 
culars from  the  various  points  in  AB, 
and  measuring  equal  distances  on  the  ^ 
opposite  side   of  the   mirror   CD,  we 
find  the  position  of  ab  the  image  given 
by  it.     The  light,  after  reflexion,  pro- 
ceeds as  if  it  had  come  from  an  object 
at  ab;  and  such  part  of  it  as  falls  on 
the  mirror  EF  will  be  reflected   ac- 
cordingly, and   proceed,   after  the   se-  \ 
cond  reflexion,  as  if  it  had  come  from                  i-  -Ar-^ 
a  secondary  image  a'b' ,  whose  position 

is  determined  by  drawing  perpendiculars  upon  FE  produced, 
and  measuring  equal  distances  upon  the  opposite  side  of  it. 

To  trace  the  course  of  a  pencil  which  enters  an  eye  at  e  after 
reflexion  at  the  two  mirrors  from  any  point  Q  in  AB ;  let  q  be 
the  corresponding  point  in  ab,  and  q  that  in  ab' :  the  light  after 
reflexion  by  EF  will  enter  the  eye  as  if  i*;  came  from  q  ,  there- 
fore drawing  the  lines  q'e  in  the  figure,  they  will  represent  the 
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final  course  of  the  pencil :  from  the  points  where  the  lines  meet 
the  mirror  EF  draw  lines  to  the  point  q,  they  will  represent  the 
course  of  the  pencil  after  reflexion  by  CD :  from  the  points 
wliere  these  lines  meet  the  mirror  CD  draw  lines  to  the  point 
Q,  and  they  will  be  the  course  of  the  rays  from  Q,  which,  after 
reflexion  by  each  of  the  two  mirrors,  form  the  visual  pencil  by 
which  the  eye  e  sees  ^  in  the  secondary  image  dV. 

It  will  be  seen  that  the  inversions  of  parts  by  each  of  the 
two  mirrors  now  correct  each  other,  and  there  is  the  same  re- 
lative direction  of  parts  to  the  eye  in  the  secondary  ijnage  ah' 
as  in  the  object  AB ;  that  is,  there  is  no  inversion  of  upward 
and  downward,  or  right  hand  and  left  hand.  This  principle  is 
made  use  of  in  the  Camera  lucida  of  Dr.  WoUaston,  of  which 
a  description  will  be  found  in  the  chapter  on  instruments. 

Cor.  By  proceeding  in  the  same  way,  the  positions  of  the 
series  of  images  given  by  any  number  of  mirrors  may  be  found, 
and  the  course  of  a  visual  pencil  traced. 

Art.  9.  When  two  plane  mirrors  are  placed  with  their  re- 
flecting surfaces  towards  each  other  and  parallel,  they  form  the 
experiment  called  the  endless  gallery. 

Let  ABy  CD  be  the  parallel  mirrors,  Q  the  place  of  an  ob- 
ject between  them.     We  find  the  positions  of  the  images  as  in 


<l3 


the  preceding  propositions.  If  q^  be  the  image  of  Q  formed  by 
the  mirror  CD,  we  shall  have  q^  an  image  of  q^  formed  by  the 
mirror  AB,  or  secondary  image  of  Q,  as  in  the  figure,  and  q^  an 
image  of  g-j  formed  by  the  mirror  CD,  or  tertiary  image  of  Q, 
&c.  In  the  same  way  there  will  be  formed  a  series  of  images, 
q ,  q  ,  Sec,  commencing  with  q',  the  image  of  Q  formed  by  the 
mirror  AB. 


\ 
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To  an  eye  placed  between  the  mirrors,  the  succession  of 
images  will  be  seen  as  described  ;  and  if  the  mirrors  were  per- 
fectly plane,  and  reflected  all  the  light  incident  upon  them,  the 
number  would  be  infinite. 


+  <l2 


Art.  10.  To  find  the  arrangement  of  the  images  formed 
hy  two  plane  mirrors  inclined  to  each  other  as  in  the  kalei- 
doscope. -^^ 

Let  AC,  BCloe  the  per- 
pendicular sections  of  the  mir- 
rors by  the  plane  of  the  paper. 
Let  Q  be  the  position  of  an 
object  within  the  angle  AC£  , 
formed  by  the  reflecting  faces  \ 
of  the  mirrors,  and  describe  „ ' 
with  center  C  a  circle  through 
Q  ;  the  two  series  of  images 
of  Q,  viz.  q^,  q^,  q^,  q^,  com- 
mencing with  q^,  the  first 
image  formed  by  the  mirror 
AC;  and  q',  q",  q\  q'" ,  commencing  with  q ,  the  first  image 
formed  by  the  mirror  BC,  will  be  all  in  the  circumference  of  tlie 
circle.  For  since  q■^^  is  determined  by  drawing  a  perpendicular 
to  the  mirror  AC,  and  measuring  an  equal  distance  on  the  op- 
posite side,  9'i  is  equally  distant  from  C  with  Q ;  in  the  same 
way  q^  is  equally  distant  from  C  with  q^^  and  Q,  and  so  with  all 
the  other  images,  or  they  are  in  the  circumference  of  the  circle 
drawn  through  Q  with  center  C. 


,-K 
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When  we  arrive  at  an  image,  as  q^  or  q'"  in  the  figure,  fall- 
ing within  the  angle  formed  by  the  directions  of  the  mirrors 
produced,  that  image  is  the  last  of  its  series  ;  for  whichever  mir- 
ror it  be  formed  by,  since  it  lies  at  the  back  of  both  of  them,  no 
light  proceeding  as  from  it  can  fall  on  the  face  of  the  other 
mirror. 

If  the  angle  ACB  be  an  aliquot  part  of  180°,  the  images  of 
every  point  in  the  arc  AQB  will  occur  the  same  number  of 
times,  and  the  whole  series  will  be  symmetrical. 
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Art.  11.  Prop.  To  find  the  deviation  of  a  ray  of  light 
after  being  reflected  at  each  of  two  mirrors,  inclined  at  a  given 
angle,  in  a  plane  perpendicular  to  their  intersection. 


Let  tlie  directions  of  the  mirrors  at  A  , 
and  Ji  when  produced  meet  at  C,  and  let 
angle  ACB=u.  Let  SA  be  a  ray  of  light  j, 
incident  on  the  first  mirror  at  A,  and  be 
reflected  in  AB ;  and,  after  reflexion  at  the 
second  mirror  at  B,  pass  in  the  direction 
BD,  meeting  the  original  direction  SAD  in 
D.  Then  the  angle  ADB  is  the  deviation  ; 
let  it  =  d.  Let  NAn  be  the  normal  to  the 
first  mirror  at  A;  Bn  that  to  the  second 
mirror  at  B ;  the  angle  AnB  between  the 
normals  =  angle  ACB  =  a. 


D^^ 


1  / 


Let  ij  be  the  angle  of  incidence  on  the  first  mirror. 


,  „  second   ,, 

L  NAB=  L  ABn  +  L  AnB 

or,  i^-=ii^-\-a.     .'.a  =  i^  —  i.^ 

LBAD+  LABD+  LADB=lSO'' 

or,  2(90°  -  ii )  +  2i^  +  cZ  =  1 80° 

.\d=2(iT,-i^)=2a 

or  the  deviation  for  every  ray,  after  the  two  reflexions, 
twice  the  angle  between  the  mirrors. 


A'J'y^■»  Ai>  also, 


equals 


This  property  is  made  the  principle  on  which  Hadley's  sex- 
taut  and  reflecting  circles,  for  taking  astronomical  observations, 
are  constructed,  as  will  be  seen  in  the  chapter  on  instruments. 


EXAMPLES. 


Ex.  1.  Shew  that  when  a  ray  from  any  given  luminous 
point  is  reflected  at  a  plane  mirror,  and  passes  through  another 
given  point,  it  traverses  a  shorter  distance  than  it  would  have 

le  if  reflected  by  the  mirror  in  any  other  manner. 
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Ex.  2.  Shew  that  persons  standing  at  any  distance  from  a 
plane  vertical  mirror  may  see  the  entire  height  of  the  image  of 
themselves,  if  the  mirror,  at  a  proper  elevation,  be  of  half  their 
height. 

Ex.  3.  When  a  drawing  is  made  of  an  object,  and  its  image 
reflected  in  a  mirror,  shew  how  the  properties  of  perspective 
afiect  the  apparent  magnitudes  and  positions. 

Ex.  4.  Trace  the  course  of  the  visual  pencil,  when  an  image 
of  an  object  is  seen  by  reflexion  in  three  plane  mirrors. 

Ex.  5.  A  star,  whose  altitude  is  n°,  is  to  be  observed  by 
means  of  its  image  seen  in  a  small  vessel  of  mercury  placed  on 
the  ground,  by  a  person  whose  eye  is  m  feet  above  the  level  of 
the  mercury ;  shew  that  he  must  stand  at  a  distance  from  it  of 
mcot.n°  feet. 

Ex.  6.  An  object  is  situated  n  inches  from  a  plane  mirror, 
which,  being  turned  through  an  angle  of  60°,  the  positions  of  the 
object  and  the  images  in  the  two  cases  form  an  equilateral  tri- 
angle ;   shew  that  the   distance  of  the  point  about  which    the 

2n 
mirror  was  turned  was  — =  inches  from  the  object. 
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CHAPTER  III. 


ON  THE  REFLEXION  OF  LIGHT  BY  CURVED  MIRRORS. 

When  a  pencil  of  light  is  incident  upon  a  curved  mirror,  each 
ray  of  the  pencil  is  reflected  according  to  the  ordinary  law ;  and 
if  we  can  draw  the  series  of  normals  for  the  different  points  of 
the  reflecting  surface,  we  can  determine  the  directions  in  which 
the  various  rays  are  reflected,  as  in  plane  mirrors. 

In  the  following  propositions  the  reflecting  surfaces  will  be 
considered  only  of  the  fonns,  the  sphere,  and  the  paraboloid 
ellipsoid,  and  hyperboloid  of  revolution  ;  the  three  latter  being 
formed  of  the  revolution  of  the  conical  parabola,  ellipse,  and 
hyperbola,  respectively,  about  their  major  axes ;  because  in  these 
the  mode  of  drawing  the  normal  is  sufiiciently  simple,  and  they 
are  the  only  surfaces  of  importance  in  the  theory  of  catoptrical 
instruments. 

A  mirror  is  called  concave  or  convex  when  the  reflecting 
surface  is  concave  or  convex  respectively. 

Art.  12.  Prop.  Tf  a  pencil  of  parallel  rays  he  incidei,it 
on  a  concave  parabolic  rejlector  j^dfallel  to  its  axis,  the  whole 
will  be  reflected  to  the  focus  of  the  generating  parabola. 


Let  PAP'  be  a  parabola, 
which  is  the  section  of  the  mir- 
ror by  the  plane  of  the  paper 
passing  through  the  axis  AFG, 
of  which  A  is  the  vertex  and  F 
the  focus.  Let  SP  be  any  one 
of  the  rays  of  the  pencil,  paral- 
lel to  AFG,  and  incident  at  P; 
join  FP,  and  let  PG  be  the 
normal  at  P.  Then,  as  shewn 
in  treatises  on  the  conic  sections, 
PG  makes  equal  angles  with  SP 
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and  the  line  FP ;  and  the  sftigle  of  incidence  being  SPG,  the 
angle  FPG  is  the  angle  of  reflexion,  and  PF  is  the  reflected  ray. 
Similarly  every  other  of  the  reflected  rays  passes  through  F. 

Reciprocally,  if  -F  be  a  luminous  point,  every  ray  radiating 
from  it  will  be  reflected  parallel  to  the  axis  of  the  parabola ;  and 
the  reflected  pencil  consisting  of  parallel  rays,  the  light  will  be 
of  equal  intensity  at  all  distances  from  the  mirror. 

Art.  13.  Prop.  If  a  pencil  of  rays  diverge  from  a  lumi- 
nous point  in  one  of  the  foci  of  a  concave  elliptic  reflector,  they 
will  he  reflected  to  the  other  focus  of  the  generating  ellipse. 

Let  PAP'  be  the  ellipse 
which  is  the  section  of  the  mir- 
ror by  the  plane  of  the  paper 
passing  through  the  axis  AFS, 
where  A  is  one  extremity  of  the 
major  axis,  and  F  and  aS'  the  foci 
of  the  ellipse. 

If  S  be  the  position  of  a 
luminous  point,  SP  any  one 
of  the  rays  from  it  incident  on 
the  mirror  at  P,  and  we  draw  PG  the  normal  and  join  FP; 
then,  by  conic  sections,  the  angle  (S'PG^  =  angle  FPG,  and  the 
former  being  the  angle  of  incidence,  the  latter  will  be  the  angle 
of  reflexion  ;  therefore  PF  is  the  reflected  ray.  Similarly,  it  is 
shewn  that  every  other  ray  will,  after  reflexion,  pass  through  F, 
or  F  is  the  focus  of  the  reflected  rays. 

The  same  proof  applies  to  the  case  when  F  is  the  position  of 
"the  luminous  point  or  focus  of  the  incident  rays,  S  being  then 
the  focus  of  the  reflected  rays. 

Art.  14.  Prop.  If  a  pencil  of  incident  rays  converge  to- 
wards the  exterior  focus  of  a  concave  hyperbolic  reflector,  they 
will  be  reflected  to  the  other  focus  of  the  generating  hyperbola. 

Let  PAP'  be  the  generating  hyperbola,  SAFG  the  axis 
of  the  mirror,  of  which  A  is  the  vertex,  and  S  and  F  the  foci 


m 


OPTICS. 
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of  the  hyper- 
bola. 

Let  S  be 
the  focus  to 
which  the  in- 
cident pen- 
cil converges, 
S'P  a  ray  in- . 
cident  at  P; 
draw  the  nor- 
mal PG  and 
join  FP;  by 
conic  sections 

PG  bisects  the  angle  FPS^  ;  and  since  S'PG  is  the  angle  of  in- 
cidence, therefore  FPG  is  the  angle  of  reflexion,  and  FP  is  the 
reflected  ray.  Similarly,  every  other  ray  of  the  pencil  is  re- 
flected to  F. 

The  same  mode  of  proof  shews,  that  if  a  luminous  point  were 
placed  at  F^  the  reflected  pencil  would  diverge  from  S. 

As  the  converse  of  the  three  preceding  propositions,  the  fol- 
lowing will  be  easily  demonstrated  in  the  same  way. 

Art.  15.  Prop.  If  a  fencil  of 'parallel  rays  he  incident  on 
a  con\ex  parabolic  mirror,  parallel  to  the  axis,  the  reflected  pen- 
cil will  diverge /row  tlie  fociis  of  the  generating  parabola. 

Art.  16.  Prop.  If  a  pencil  of  rays  converging  towards 
one  of  the  foci  he  incident  on  a  convex  elliptic  mirror,  the  re- 
flected pencil  will  diverge /rom  the  other  focus. 

Art.  17.  Prop.  If  a  pencil  of  rays  diverging  from  the 
exterior  focus  he  incident  on  a  convex  hyperbolic  mirror,  the  re- 
flected pencil  will  diverge /row  the  other  focus. 

In  the  preceding  Arfiiiles,  the  reflexion  was  accurately  to  or  from 
a  point  as  a  real  or  virtual  focus,  however  large  the-  incident  pencil 
'might  be ;  but  parabolic,  elliptic,  and  hyperbolic  mirrors  are  very 
difficult  to  make,  compared  with  spherical  mirrors,  (and  hence  it  is 
generally  assumed  that  the  mirrors  of  reflecting  telescopes  and  mi- 
croscopes are  not  so  large  as  to  preclude  the  use  of  a  snherical  figure. 
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The  metal  called  speculum  metal,  which  is  used  to  form 
telescopic  mirrors,  is  a  compound  of  about  14|  parts  tin  and  32 
parts  copper,  with  sometimes  an  addition  of  a  small  quantity  of 
arsenic  or  zinc.  This  alloy  is  very  hard  and  brittle,  and  takes  a 
high  polish.  The  speculum  or  mirror,  having  been  first  cast  in  a 
mould  of  sand  to  nearly  the  required  curvature,  is  then  ground 
by  rubbing  in  all  directions  with  emery-powder  on  a  tool  of 
proper  curvature,  made  of  some  softer  metal,  until  the  tool  and 
speculum  are  of  the  same  curvature  as  near  as  can  be  procured 
by  using  finer  and  finer  emery.  When  a  very  accurate  figure  is 
required,  the  speculum  has  then  to  be  worked  on  a  tool  formed 
of  hones  until  the  two  coincide  accurately,  as  seen  by  the  fine 
lines  on  the  face  of  the  speculum  ;  when  this  takes  place,  the 
surfaces  of  the  hones  and  speculum  must  be  truly  spherical,  as 
spherical  and  plane  surfaces  only  can  be  worked  upon  each  other 
in  all  directions  and  always  coincide.  To  procure  plane  surfaces, 
three  surfaces  must  be  worked  together  alternately,  until  they 
coincide  when  taken  any  two  together.  When  the  speculum 
has  been  brought  to  a  fine  and  accurate  face,  it  is  polished  on 
a  bed  made  with  a  mixture  of  purified  pitch  and  rosin,  with 
water  and  polishing  powder,  which  is  a  fine  calcined  oxide  of 
iron  or  tin.  See,  for  further  particulars  of  this  delicate  art, 
Brewster  s  Edinburgh  Journal  of  Science  for  1831,  and  the  ar- 
ticles 'Grinding'  and  'Speculum'  in  Rees's  CyclopcBdia  :  for  a 
method  of  reducing  a  spherical  mirror  to  an  ellipsoidal,  parabo- 
loidal,  or  hyperboloidal  figure,  see  Brewster's  Edinburgh  Journal 
of  Science  for  1 832. 

Art.  18.  To  find  the  focus  of  the  reflected  rays,  when  a 
small  pencil  of  parallel  rays  is  incident  directly  on  a  concave 
spherical  mirror. 

Let  BAB  be  the  section  of  the 
spherical  mirror,  A  the  vertex  or 
center  of  the  aperture,  O  the  center 
of- the  curvature.  The  line  ^O  is 
called  the  ax^s  of  the  mirror.  Since 
the  pencil  is  incident  directly  upon 
the  miprbr,  the  axis  of  the  pencil 
vvill  be  in   OA;  and  the  ray  which 
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coincides  with  OA  will  be  reflected  directly  back  again ;  there- 
fore the  focus  of  the  reflected  rays  must  be  in  this  line. 

Let  SP  be  any  other  of  the  parallel  rays  ;  join  OP,  and  draw 
the  line  Pq,  making  the  angle  qPO  =  tlid'  angle  of  incidence 
SPO ;  then  Pq  is  the  reflected  ray.  But  angle  SPO  equals  alter- 
nate angle  POq ;  therefore  the  triangle  qPO  is  isosceles,  and  Pq 
equals  qO. 

When  the  incident  pencil  is  indefinitely  small,  or  P  inde- 
finitely near  to  A,  the  point  q  bisects  the  distance  AO ;  for  then 
Pq  and  Oq  are  each  indefinitely  nearly  equal  to  half  of  AO. 
Let  this  position  of  q  he  F ;  then  F  is  called  the  principal  focus 
of  the  mirror,  and  AF  the  principal  focal  length,  or  generally  the 
focal  length,  and  it  equals  half  the  radius. 

When  the  distance  AP  is  not  small,  qO  and  qP  are  greater 
than  half  OP  or  OA,  or  q  lies  between  F  and  A.  The  distance 
Fq  is  called  the  aberration  of  the  ray,  and  it  increases  nearly  as 
the  square  of  AP,  as  will  be  shewn  in  Part  IT. 


When  the  pencil  is  large,  the  continual  intersection  of  the 
consecutive  rays  forms   a   curve  as 
cFc  in  the  figure,  having  a  cusp  at 
/'',  where  the  greatest  condensation 
of  light  takes  place.     The  curve  ci^c' 
is  called  a  caustic  curve,  and  may  be 
easily  seen  by  placing  a  bright  metal 
ring  on  a  sheet  of  paper  in  the  sun's 
light.     When  the  incident  rays  are 
parallel,  as  in  the  figure,  the  caustic 
is  an  epicycloid,  or  curve  traded  out 
by  a  point  in  the  circumference  of 
one  circle  whilst  it  rolls  upon  an- 
other circle ;  the  radius  of  the  rolling  " 
circle  being  \  that  of  the  mirror,  and  of  the  fixed  circle  ^  of  iv" 
in  this  case.     When  the  rays  diverge  from  a  point  in  the  circum- 
ference of  the  section  of  the  mirror,  the  caustic  is  also  an  epi- 
cycloid ;  but  in  other  cases  it  is  not  a  determined  curve. 


r       »!_■  ] 

B 

/Tyc 

I\ 

/%^^ 

0 

\|V' 
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Art.  19.  Prop.  To  find  the  focus  of  the  reflected  rays, 
when  a  small  pencil  of  diverging  rays  is  incident  directly  on  a 
concave  spherical  mirror. 

Let  PAP  be  a  section 
of  the  mirror,  A  the  cen- 
ter of  the  aperture,  F  the 
principal  focus,  O  the  cen- 
ter of  the  curvature,  and 
Q  the  focus  of  the  inci- 
dent rays. 

The  ray  QOA  passing 
through  O,  and  falling  perpendicularly  upon  the  mirror  at  A, 
will  be  reflected  directly  back  again.  Let  QP  be  any  other  ray 
of  the  incident  pencil,  and  qP  the  reflected  ray.  Draw  the 
radius  OP  which  bisects  the  angle  QPq ;  therefore,  by  Euclid, 
book  vi.  prop.  3,  we  have 

QO:  qO'.:  QP  :  qP. 

When  the  pencil,  for  a  first  approximation,  is  very  small, 
QP—QA,  and  qP=qA,  very  nearly. 


.ti^:|U;^s^-^ 


QO     qO 

~=^  nearly. 


Let    QA=u,   qA—v,   AF=t\\e  principal    focal  length  =/, 
-^0= radius  of  the  mirror =r. 


Then/=-,  and  the  above  equation  becomes 


u—r 

r—v 

u 

V 

Dividing  by  r, 

we 

have 

1 

1 

1 

1 

r 

u 

V 

r 

or, 

1 

V 

_2 
r 

1 

/" 

1 

u 
1 
u 
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This  expression  gives  us  Aq  or  v  when  /  and  u  arc  known. 
If  the  rays  had  diverged  from  q^  it  is  evident,  from  the  nature  of 
the  proof,  that  they  would  have  been  reflected  to  Q,  and  hence 
these  points  are  called  conjugate  foci. 

If  we  examine  the  figure,  we  see  that  if  Q  be  moved  further 
away  from  A,  q  approaches  A;  and  when  Q  is  at  an  infinite 
distance,  or  the  incident  rays  are  parallel,  then  q  coincides  with 
F :  if  Q  approaches  A,  q  recedes  from  it,  and  they  meet  at  0  ; 
for  then  every  ray,  being  incident  perpendicularly  upon  the  mir- 
ror, will  be  reflected  directly  back  again  :  if  Q  lies  between  O 
and  F,  q  lies  beyond  O  from  A ;  and  when  Q  comes  to  F,  q  is 
at  an  infinite  distance,  and  the  reflected  rays  are  parallel :  if  Q 
lies  between  A  and  jP,  the  reflected  rays  diverge,  and  q  lies  on 
the  opposite  side  of  A ;  and  when  Q  comes  to  A,  q  coincides 
with  it  again ;  if  Q  lies  on  the  opposite  side  of  A,  or  the  inci- 
dent pencil  is  convergent,  q  lies  between  A  and  F. 

The  relative  positions  of  Q  and  q  are  easily  deduced  from  the 

analytical  relation,  —  =  - :  the  quantities  which  are  here  con- 

'  V     f     u 

sidered  positive  being  measured  from  A  towards  the  right  hand, 

must  be  taken  negative  when  measured  in  the  opposite  direction. 

,r  ^  Thus,  if  M= 00       then    —  =  —  and   v  =  f 

ry     k\  or,  q  coincides  with  F. 


V  r      f 

or,  q  lies  between  F  and  (). 

1       1 
7^  =  r         ....     —  =—  ...     y  =  r 

V  r 

or,  q  coincides  with  Q  at  O. 


n<r>f  .. 

1  ^1 
. .    — <—                 ...    «;>r 

V       r 

or,  q  lies  beyond  0  from  A. 

n=f         .. 

..    1=0                ...    t  =  x 

V 

^  1 

or,  q  is  at  an  infinite  distance. 
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,,   \^  u<f        then    —is — '^^  and    zjis — "^^ 


;  =  0 


or,  q  lies  to  the  left  hand  of  A. 
-co  ...     ^^0 


or,  q  coincides  with  Q  at  J. 


lis+^e>-i      . 
V  f 

or,  q  lies  between  A  and  F. 


U  =  —  00 


1-i 

^~7 


...     v=f 
or,  g  coincides  again  with  F. 


These  various  positions  of  the  conjugate  foci  are  easily  veri- 
fied by  experiments. 

Art.  20.  Prop.  To  find  the  focus  of  the  reflected  rays 
when  a  small  pencil  of  diverging  rays  is  incident  directly  on  a 
convex  spherical  mirror. 

Let  PAF'  be  the  mirror, 
of  which  A  is  the  center  of 
the  aperture,  and  0  the  cen- 
ter of  the  curvature.  Let 
Q  be  the  focus  of  the  inci- 
dent rays,  QA  the  ray  which 
falls  perpendicularly  on  the 
mirror,  and  is  reflected  di- 
rectly back  again,  or  in  the 
line  OAQ.  Let  QP  be  any 
other  ray  of  the  pencil ;  draw 
the  radius  OP,  and  produce  it  to  p  >'  draw  the  line  Pq',  making 
the  angle  5''Pjo  =  angle  of  incidence  QPp ;  then  Pq  is  the  re- 
flected ray  :  let  it,  when  produced,  meet  the  axis  of  the  mirror 
OA  in  q,  which  is  the  virtual  focus  of  the  reflected  rays. 

If  we  produce  the  direction  of  QP  to  Q',  the  line  OP  bisects 
the  angle  Q! Pq,  the  exterior  angle  of  the  triangle  QPq ;  there- 
fore, by  Euclid,  book  vi.  prop.  A, 

QO:qO::QP:qP.  .^ 
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In  a  first  approximation  we  suppose  the  pencil  very  small, 
»"<^  QP=  Qx/,  qP^qA,  very  nearly. 

QO      qO 

.•.^=— very  nearly. 

The  change  of  the  relative  positions  of  the  conjugate  foci  Q 
and  q  may  be  traced  geometrically,  as  in  the  last  Article,  and 
will  be  found  to  accord  with  the  results  of  the  analytical  discus- 
sion below. 

Let  QA=u,  qA=v,  OA=r,  OF=AF=:f=^,  then  the  last 

equation  becomes 

u  +  r  _r—v 
u  V 

J-   M-       u  1111 

or,  dividing  by  r,  — I — = 

r      u      V    *  T 

1      2      1 
whence  —  =  — I — 

V      r      u 

=7+- 

From  which  equation  v  is  found  when  /  and  u  are  given  ;  and 
therefore  the  position  of  q,  the  virtual  focus  of  the  reflected  rays, 
is  known. 

"*  . 

To  trace  the  corresponding  positions  of  the  conjugate  foci, 

or,  Q  and  q  coincide  at  A. 

or,  q  lies  between  A  and  F. 

or,  q  coincides  with  F. 

v<r>f 

or,  q  lies  between  F  and  O. 

0 


if  M=0  then  — =c»         and  v  =  0 

V 


„    +M<QO  ~>-B  •••    ^</^ 


V-  f 


1        1  . 

tt  =  00  ....  _  =  _         ...  v^f 


5>r  ....  i>i<i...  t;<r>/ 
V      r      f 
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it  —u  =  r  then  —  =  —         and  v  =  r 

V      r 


or,  q  coincides  with  Q  at  O. 


„    —u<r^f    ....   — <—  ...  v>r 


V      r 


or,  q  lies  beyond  O  from  A. 


■u=f  ....  —  =  0  ...  z;  =  oo 


or,  q  is  at  an  infinite  distance. 


,,   —u-Cf  ....  —  is— ^'^     ...  t;  is 


?; 


or,  q  is  on  the  right-hand  side  of  y/. 


„  —u=0  ....  —=  —  00     ...  t?=0 


V 


or,  g'  and  Q  coincide  at  A  again. 


In  the  two  preceding  propositions  a  diverging  pencil  has 
been  taken  for  a  standard  case,  as  incident  on  a  concave  and  a 
convex  mirror ;  but  any  case  whatever  being  taken,  and  the  cor- 
responding formula  being  investigated,  all  the  other  cases  can  be 
deduced  from  it  by  changing  the  signs  of  the  various  lines  when 
they  have  to  be  measured  in  a  contrary  direction. 

Ex.  1.  The  formula  for  a  concave  mirror  and  a  diverging 
pencil  being— =———;  to  shew  that  for  a  diverging  pencil  and 

1       1       1 

a  convex  mirror  we  have  —  =— H — . 

V       f      u 


Since  the  focal  length  of  the  convex  mirror  is  negative,  if 
t  of  the  cone 
for/,  and  have 


that  of  the  concave  is  positive,  therefore  in  — =— —  —  we  put  — / 

V      f      u 


-L=-(i+i) 

which  shews  us  that  v  must  be  negative;  therefore,  putting  —v 
for  V,  ■  ^Iso,  ajft'^jng  the  signs  on  both  sides,  we  have 


In  the  u 

i 


V      f      u 


34  OPTICS. 

V   Ex.  2.     To  deduce  tlje  case  of  a  plane  mirror  from  the  for- 
mula for  a  concave  mirror. 

In  a  plane  mirror  we  must  consider  the  radius  as  infinite,  and 
/=x,  or-;=0. 

.•.  — = OTV=—U 

V  U 

or  9  is  at  an  equal  distance  on  the  opposite  side  of  the  mirror 
to  Q. 

Art.  21.  Prop.  To  prove  that  in  the  reflexion  of  a  pencil 
at  a  spherical  mirror,  the  focal  length  is  a  mean  proportional  be- 
tween the  distances  of  the  conjugate  foci  from  the  principal  fociis. 

Taking  the  expression  — —  =  i--,  as  investigated  in  articles  19 

and  20,  we  have 

u+r r — V 

n  V 

u+r     ,      r — V 

.-.  — !— +1= +1 

u     ~  V     ~ 

bringing  to  a  common  denominator  on  each  side,  and  dividing. 


we 


find 


2M  +  r_     r 

+  r       r—2v 

—  r         r 
u-\ —       — 

^2         2 


or. 


_  r        r 
^2       2 

FQ_FA 

FA~  Fq 
whence  FQ  x  Fq  =  FA'^=FO\ 

If  the  first  formula  were  adapted  to  any  other  case,  we  should 
find  the  same  result;  and  since  the  conjugate  foci^ always  lie 
on  the  same  side  of  the  principal  focus,  the  above  exjM;ession 
suffices  to  find  either  of  them  for  a  given  mirror  when  the  other 
is  known. 
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We  have  supposed  the  incident  pencil  to  be  small  in  the 
three  preceding  propositions ;  when  it  is  large,  the  reflected 
pencil  is  not  brought  veri/  nearly  to  a  focus,  but  the  says  which 
are  incident  at  a  distance  from  the  axi&  of  the  pencil  have  an 
aberration  which  is  too  large  to  be  negle^d,  and  which  prevents 
the  use  of  such  mirrors  where  an  accurate  image  of  a  luminous 
point  is  indispensable. 


ON  THE  FORMATION  OF  IMAGES  BY  SPHERICAL  MIRRORS. 


Art.  22.  Prop.  To  shew  that  if  an  object  before  a  spherical 
mirror  be  a  circular  concentric  arc,  then  the  image  formed  by 
small  direct  pencils  will  be  -a  simila/r  concentric  circular  arc. 

First,  let  the  mirror  be 
concave,  as  A'AA"  in  the 
figures;  let  0  be  the  cen- 
ter, and  Q'QQ"  the  object, 
which  is  a  circular  arc  with 
center  O,  and  which  lies  be- 
tween the  principal  focus  F 
and  0  in  the  upper  figure, 
and  between  A  and  jPin  the 
lower. 

Since  the  conjugate  foci  lie 
always  on  the  ray  which  is  per- 
pendicular to  the  mirror,  on  the 
same  side  of  F,  and  that  FQ  X 
Fq  =  FO^;  if  we  draw  lines  from 
the  center  0  through  any  points 
as  Q',  Q,  Q"  in  the  object,  we 
shall  have  the  conjugate  foci  at 
q',  q,  q"  in  the  same  lines  as  in 
the  figures;  and  since  the  object        "^ 

is  everywhere  equally  distant  from  O,  therefore  the  image  will 
be  so  also,  and  similar  to  the  object. 


In  the  upper  fig'ure  the  image  is  real  and  inverted;  in  the 
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lower  it  is  virtual  and  erect ;  in  both  it  is  larger  than  the  object, 
or  is  magnified  in  the  proportion 

or  the  magnitudes  of  the  image  and  object  are  proportional  to 
their  distances  from  the  mirror  respectively. 
ay-  f^fy*-^  "t 
Ifq'qq"  had  been  an  object  in  the  upper  figure,  Q'QQ"  would 
have  been  its  inverted,  real,  and  diminished  image ;  and  if  the 
object  be  at  an  indefinitely  great  distance,  the  image  is  at  the 
principal  focus. 

So  also  if  a  series  of  converging  pencils  fall  upon  the  lower 
mirror,  so  that  they  would  form  an  image  q'qq"  if  the  mirror  did 
not  interpose,  they  will  form  a  real  image  Q'QQ", 

By  placing  an  opaque  screen,  as  jBC  in  the  upper  figure,  so 
that  a  small  aperture  in  its  center  is  at  the  center  of  the  mirror, 
every  pencil,  limited  by  the  aperture,  will  be  small  and  direct; 
and  therefore  every  point  in  the  image  will  be  distinct;  and  be- 
ing real  can  be  received  on  a  screen  of  the  proper  curvature. 

Small  portions  of  the  object  may  be  considered  as  straight 
lines,  and  the  corresponding  portions  of  the  image  will  be  so  also ; 
but  if  a  large  object  were  straight,  we  see  that  the  image  would 
be  curved  like  that  of  a  circular  arc ;  and  it  is  found  to  be 
always  one  of  the  conic  sections;     See  Part  II. 

If  an  eye  be  placed  near  O  in  the  lower  figure,  every  pencil 
passing  through  the  pupil  will  be  small  and  reflected  nearly 
directly  at  the  mirror ;  and  an  eye  so  situated  will  see  a  distinct, 
virtual,  erect,  and  magnified  image.  If  the  eye  be  in  any  other 
position,  the  parts  of  the  image  formed  by  oblique  pencils  will 
not  be  so  distinct  as  those  which  are  formed  by  direct  ones. 

Secondly,  let  the  mirror  AAA'  be  convex,  O  its  center, 
Q'QQ'  the  object;  then  we  find  the  foci  which  are  conjugate  to 
the  various  points  in  the  object,  to  form  ai  image  as  qqq"  in  the 
figure ;  which  will  be  always  virtual,  erects  and  diminished,  and 
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will  be  seen  with  its  parts  of 
greater  or  less  distinctness  by 
an  eye  in  front  of  the  mirror, 
as  the  reflected  visual  pencils 
are  more  or  less  nearly  direct. 

If  a  series  of  converging 
pencils  tended  to  form  an  image 
at  qqq^i  they  would  form  af- 
ter reflexion  a  real  image  at 
Q'QQ". 


We  have  supposed  the  foci  of  the  reflected  rays  to  be  those 
for  small,  direct  pencils ;  if  the  pencils,  although  small,  were 
oblique,  then  a  fresh  source  of  indistinctness  in  the  image  would 
be  introduced,  which  is  called  confusion,  depending  on  the  degree 
of  obliquity,  and  distinct  from  the  aberration  which  depends  on 
the  figure  of  the  mirror.     See  Part  II. 

We  see  that  although  a  mirror  might  have  the  requisite 
figure,  as  a  parabola,  ellipse,  or  hyperbola,  to  reflect  a  large 
pencil  from  one  point  of  an  object  accurately  to  or  from  a  focus, 
yet  for  other  points  the  incident  pencils  would  be  oblique,  and 
the  image  would  have  more  or  less  of  confusion,  for  parts  which 
were  distant  from  the  focus  of  accurate  reflexion. 

We  see  also  that  the  accurate  similarity  of  the  image  to  the 
object  depended  on  the  form  of  the  object  being  an  arc  concentric 
with  the  mirror ;  if  the  object  had  been  a  straight  line  perpendi- 
cular to  the  axis  of  the  mirror,  the  centers  of  the  object  and 
image  would  have  been  similar,  but  distant  parts  would  have 
been  not  only  differently  situated,  arising  from  the  curvature  of 
the  image,  but  the  magnitudes  of  corresponding  small  parts  would 
have  borne  a  continually  changing  ratio  to  each  other :  this  is 
called  distortion. 


The  errors  which  therefore  require  to  be  remedied  as  much 
as  possible  in  the  use  of  mirrors  in  optical  instruments,  are 
aberration,  confusion,  curvature,  and  distortion. 

The  same  errors  affect  the  use  of  lenses,  but  in  different 
degrees. 
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EXAMPLES. 

Ex.  1 .  Shew  that  if  the  axis  of  a  small  concave  spherical 
mirror  be  directed  towards  a  planet,  the  linear  diameter  of  the 
image  equals  the  apparent  angular  diameter  of  the  planet  multi- 
plied into  the  focal  length,  and  the  image  is  inverted. 

Ex.  2.  When  the  moon's  apparent  diameter  is  half  a  degree, 
shew  that  her  image  formed  by  a  concave  mirror  of  100  inches 
radius  is  '4363  inch. 

Ex.  3.     Shew  that  if  a  small  object  be  placed  at  the  center 
of  a  small  concave  spherical  mirror,  the  image  will  be  equal  in    t 
magnitude  to  the  object,  but  inverted. 

Ex.  4.  An  object  being  placed  before  a  spherical  mirror, 
shew  its  various  positions,  when  the  image  is  real,  virtual,  erect, 
inverted,  magnified,  or  diminished,  respectively.  . 

Ex.  5.  A  pencil  of  parallel  rays  falling  on  a  concave  spheri- 
cal mirror  parallel  to  its  axis,  what  is  the  apertiire  of  the  mirror 
when  the  rays  falling  near  the  edge  of  the  mirror  are  reflected  to 
the  center  of  the  aperture  ?  i 

Ex.  6.     If  a  parabolic  burning  speculum  be  placed  directly  v  , 
in  the  radiant  light  and  heat  from  the  sun,  shew  that  the  heat  "\ 
in  the  focus  is  proportional  to  the  square  of  the  radius  of  the    ^ 
aperture  of  the  speculum. 

Ex.  7.  If  a  series  of  small  plane  mirrors  are  to  be  combined 
to  produce  a  burning  min-or  by  the  sun's  heat  at  a  given  distance, 
how  must  they  be  arranged  ? 


CHAPTER  IV. 


yf 


ON  THE  REFRACTION  OF  LIGHT  BY  MEDIA  BOUNDED  BY  PLANE 

SURFACES. 

It  was  explained,  in  the  Introductory  Chapter,  on  the  law  of 
refraction,  that  for  homogeneous  light,  or  whilst  the  rays  remain 
of  one  colour,  the  index  of  refraction  for  any  two  transparent 
media  is  constant,  but  has  different  values  for  differently  co- 
loured rays. 

We  commence  with  the  propositions  for  homogeneous  light, 
and  afterwards  proceed  to  those  which  relate  to  light  of  mixed 
colours. 


Art.  23.    Prop.     When  a  ray  of  light 'passes  from  a  vacuum 
into  a  refracting  medium,  the  angle  of  ^'  s 

deviation  increases  as  the  angle  of  inci- 
dence increases. 


Let  BAC  be  the  surface  of  the  me-  b 
dium,  SAS'  the  direction  of  the  ray  in-  ( 
cident  at  A,  and  refracted  in  the  direc-  ^ 
tion  AR.    Then  UNAN'  be  the  normal  ' 
at  A,  SAN  is  the  angle  of  incidence, 
RAN'  is  the  angle   of  refraction,   and 
S'AR  the  angle  of  deviation. 


Let  LSAN=i,  LRAN^i,  LS'AR  =  d. 

By  the  law  of  refraction    .    '  „  =  ii,  from  which  we  see  that  the 
sm.  t 

angles  i  and  /  increase  together. 

Also,  d=^i—i 

,  sin.  i  _  ^         _,      sin.i  +  sin.  i' 
'  and-: — 7+l=/A+l  = ; r. — 


sin.  z 


sm.  I 
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.     .      .     .,  tan.  C-^) 

.sin.»-siD.»^^/^  ^ \_2^       ^^^  trigonometry.) 

sin.  i  +  sin.  t      a  + 1  /i  +  i'\ 

^"-  (-2-/ 

whence  tan.|  =  tan.  (iZi)=^tan.  (i±i) 

and  — -—  is  always  less  than  90°,  and  tan.  (—^)  increases  with  i 
■/ 
— —  j  and  i—i  or  d,  increase  with  i  and  «'. 

C(l4,t.^:      ■■■■'    '  ■. '     ri.        /<4-fr:.    </'  •    ■     /    :      i:i{A'y*i     '-■■J 

When  the  angle  of  incidence  is  so  small  that  we  may  put  i 
for  sin.  i,  and  i'  for  sin.  i',  using  the  circular  measures  of  the 
angles,  we  have 

j'=—    and  i—iz=r- i=c?. 

fi  ft 

4  / 

taking  ft  =—  for  water,       we  have  d-=-j  when  i  is  small. 

.    .    .  /Lt  =  — for  glass,  .    .    .    £Z=- 


2        ^      '  3 

...  /It  =—  for  diamond,    .    .    .    d-=— 


Art.  24.  Prop.  To  find  the  value  of  the  critical  angle,  or 
the  limit  of  emergence,  when  a  ray  of  light  passes  out  of  a  dense 
medium  into  a  vacuum. 

It  will  be  seen  by  the  figure  of  the  last  proposition  that  if 
the  angle  of  incidence  SAN  had  increased  up  to  90°,  the  angle  of 
refraction  RAN'  would  have  increased  to  a  less  angle  than  90°, 
and  the  course  of  the  ray  would  have  been  the  same  whichever 
way  it  had  passed ;  but  if  the  angle  RAN'  of  a  ray  moving  in 
the  medium  were  increased  beyond  this  value,  the  law  of  refrac- 
tion could  no  longer  hold  good,  for  sin.  SAN  can  never  exceed 
unity,  and  therefore  the  limit  to  /*  sin.  RAN  is  unity,  or  the 

critical  angle  =  angle  whose  sine  is  — . 
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All  rays  within  the  medium  falling  on  the  surface  at  a  greater 
angle  than  this,  undergo  total  reflexion,  none  of  them  being  capa- 
ble of  emergence. 

The  change  from  partial  to  total  reflexion  is  easily  seen  on 
the  internal  faces  of  a  prism  of  glass.  An  eye  beneath  the  sur- 
face of  still  water  sees  all  objects  without,  crowded  within  a  circle 
at  the  surface ;    of  which  the  radius  subtends  at   the   eye  the 

angle  whose  sine  is  — (=— j ;  or  an  angle  of  48°  35'.     The  part 

of  the  surface  outside  this  circle  reflects  brilliantly  the  light  from 
objects  within  the  water. 

Art.  25.  Prop.  To  shew  that  when  a  pencil  of  parallel 
rays  is  incident  on  the  plane  surface  of  a  refracting  medium,  the 
refracted  pencil  consists  of  parallel  rays. 

N  M 

Let  PJ,  QB  be  two  rays  of 
the  pencil  which  are  incident  on 
the  plane  surface  CD  of  the  re- 
fracting medium  CDE,  at  A  and 
B  respectively.  Let  AR,  BS  be 
the  refracted  rays,  which  we  have 
to  shew  to  be  parallel.  Let 
MAM',  NBN'  be  the  normals  to 
the  surface  at  A  and  B  respec- 
tively, which  are  parallels;  by 
-Euclid,  book  xi.  prop.  6. 

Then  L  of  incidence  PAM  =  /_  of  incidence  QBN 
and  Z_  of  refraction  IIAM'=  Z.  of  refraction  SBN' 

(by  the  law  of  refraction.) 
Also,  plane  PAM  is  parallel  to  plane  QBN 

(by  Euclid,  book  xi.  prop.  15.) 
and  the  refracted  rays  are  in  the  same  planes  respectively. 

Produce  the  direction  of  BA  to  R' ;  join  A,  B,  and  let  the 
plane  RAB  cut  the  plane  QBS  in  the  line  B,  S',  then  the  line 
R'AR  is  parallel  to  BS'  (by  Euclid,  book  xi.  prop.  16.) 
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and  LSBN-LI^AM     .     .      (by  Euclid,  book  xi.  prop.  10.) 

=  ^  of  refraction  RAM 

=  Lo{  ref Taction  SB N' 
.*.  »S^j5  and  BS  are  in  one  straight  line,  and  BS  is  parallel  to 
ARf  or  the  refracted  rays  are  parallel. 

The  same  can  be  shewn  to  hold  for  all  the  other  refracted 
rays,  or  the  refracted  pencil  consists  of  parallel  rays. 

Cor.     The  transverse  section  of  the  pencil  in  the  dense  me- 

COS    i 

dium  is  greater  than  that  of  the  incident  pencil  in  the  ratio 


COS.* 


For  if  ^  be  the  area  of  the  common  section  of  the  refracting  sur- 
face by  the  pencils,  we  have  as  in  Cor.  Art.  3, 

-L  area  of  refracted  pencil     A .  cos.  i'     cos.  i' 
_L  area  of  incident  pencil      A .  cos.  i     cos.  i ' 


The  intensity  of  the  light  in  the  refracted  pencil: 


COS.? 

■nx -X 

COS.  « 

intensity  in  the  incident  pencil ;  if  w  :  1  is  the  proportion  of  the 
transmitted  to  the  incident  rays,  allowing  for  the  loss  by  reflexion 
at  the  surface,  and  the  dispersion  and  absorption  by  the  dense 
medium. 

Art.  26.  Prop.  WTien  a  ray  of  light  passes  through  a 
plate  of  a  medium  of  which  the  refracting  surfaces  are  plane  and 
parallel,  the  direction  of  the  emergent  ray  is  parallel  to  that  of  the 
incident  ray. 


Let  PABQ  in  the  plane  of 
the  figure  be  the  path  of  the 
ray,  which  is  incident  upon  the 
first  surface  of  the  plate  at  A, 
refracted  in  AB  and  emergent 
from  the  second  surface  at  B. 
Let  MAM,  NBN'  be  the  nor- 
mals at  A  and  B  respectively, 
which  are  parallel,  since  the 
surfaces  of  the   plate   are  so. 
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Then  BAM'  the  angle  of  refraction  at  A  =  ABN'  the  angle  of 
incidence  on  the  second  surface  at  B;  and  if /tt  be  the  refractive 
index,  we  have 

sin.  QBN=fi  sin.  ABN' 

=/jb  sin.  BAM' 

=  sin.  PAM 
.*.    LQBN=  LBAM,  and  the  incident  and  emergent  rays  are 
parallel. 


Cor.  When  a  pencil  of  parallel  rays  traverses  a  plate  of  a 
refracting  medium,  the  emergent  pencil  consists  of  parallel  rays, 
and  is  of  the  same  transverse  section  as  the  incident  pencil. 
The  intensity  of  the  light  in  the  emergent  pencil  is  less  than 
that  in  the  incident  pencil,  from  the  dispersion  and  absorption  by 
the  medium,  and  the  reflexions  at  the  two  surfaces. 

Art.  27.  Prop.  Having  given  the  absolute  refractive  in- 
dices/or two  media,  tojind  their  relative  refractive  index. 

The  relative  refrac- 
tive index  for  two 
given  media  being  con- 
stant, if  we  find  an 
expression  for  it  from 
any  incidences,  it  will 
hold  for  all  others. 

It  is  found  by  ex- 
periment that  if  a  ray 
of  light  passes  through 
a  series  of  plates  of 
dense  media,  all  the 
refracting  surfaces  be- 
ing parallel  planes,  that  the  emergent  ray  is  parallel  to  the  inci- 
dent ray. 

Let  PA  be  a  ray  incident  upon  the  first  dense  medium  at  A, 
which  being  refracted  in  AB  enters  the  second  medium  at  B, 
and  being  refracted  again  in  BC,  finally  emerges  in  CQ,  which 
(^s^  "^dlel  to  PA. 
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Let  mAm  y  nBn ,  pCp ,  be  the  normals  at  A,  B,  C,  respec- 
tively. Then  if  fii  be  the  absolute  refractive  index  of  the  first 
medium,  /Xj  that  of  the  second,  and  fi'  the  relative  refractive 
index  of  the  two  media ;  we  have 

_  sin.  FAm  _  sin.  QCp' 

^^~sin.BAm  '^^~  sin.  BCp 


and  fi 


sin.  ABn 
sin.  CBn 


_  sin.  BAin      sin.BAm     sin.  QCp' 
sin.  BCp  ~~sin.  PAm     sin.  BCp 

=^ 

If  PD  be  a  ray  parallel  to  PA,  which  enters  the  second 
medium  directly  at  D,  it  will  emerge  from  it  at  £  in  a  direction 
E&,  which  is  parallel  to  PD  a.nd  PA,  and  therefore  to  CQ; 
and  hence  the  directions  ED  and  CB  in  the  medium  must  be 
parallel.  The  same  holds  good  for  any  number  of  plates  super- 
posed on  each  other  ;  or  the  direction  of  a  ray  in  passing  through 
any  one  of  the  plates  is  parallel  to  the  course  it  would  have 
taken  if  it  had  entered  the  plate  directly. 

We  see  that  a  small  pencil  of  rays  coming  from  a  distant 
object  will  have  a  srtiall  lateral  displacement  on  passing  obliquely 
through  a  series  of  refracting  plates,  but  no  deviation ;  and  since 
the  lateral  displacement  is  very  small  compared  with  the  dis- 
tance, the  object  appears  in  the  same  place  whether  the  plates 
.  be  interposed  or  not,  provided  the  plane  surfaces  be  accurately 
parallel.  This  is  a  point  of  consequence  in  the  theory  of 
Hadley's  sextant. 

The  refraction  of  the  earth's  atmosphere  causes  the  heavenly 
bodies  to  appear  higher  than  they  would  do,  if  it  did  not  exist ; 
and  when  they  are  not  very  far  from  the  zenith,  we  may  sup- 
pose the  strata  of  the  atmosphere  through  which  their  light 
passes  to  be  parallel  planes,  which  continually  decrease  in  density 
as  we  ascend ;  but  the  deviation  of  a  pencil  is  the  same  as  if 
it  had  entered  the  more  dense  stratum  at  the  earth's  surface 
at  once.     This  deviation  in  astronomy  is  called  t/te  refrac'l"  "> 
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the  heavenly  body,  and  is  found  by  observations  to  be  in  accord- 
ance with  the  optical  rule. 

,^    Art.  ^8.     Prop.     To  find  the  form  of  a  small 'pencil  of  light, 
after  refraction  directly  at  a  plane  surface  of  a  medium. 


First.  Let  Q  be  the  r~ 
focus  of  the  incident  rays, 
QAB  the  ray  which  falls 
perpendicularly  on  the 
plane  refracting  surface 
at  A,  and  therefore  en- 
ters the  medium  without 
deviation.  Let  QP  be  any  other  ray  incident  at  P;  let  NPW 
be  the  normal  to  the  surface  at  P  and  parallel  to  QAB ;  and  let 
PR  be  the  refracted  ray,  which  being  produced  backward  cuts 
the  line  AQ  at  q  . 

Then,  angle  of  incidence    QPN  =  Z.  PQA, 
and  angle  of  refraction  RPN'  =^  LPq'A 

_sm.  QPN  _siu.  PQA 
^~ sin.  EPN'~ sin.  Pg' A 

PQ 

or,  since  the  pencil  is   small  and  PQ  =  AQ,  Pq'=Aq'  nearly, 

.'.Aq=fiAQ. 
If  we  put  AQ=:u,  Aq=u,  we  have 

which  gives  the  point  q,  from  which  the  pencil  diverges  after 
refraction. 

When  P  is  not  so  near  to  A  that  we  can  put  QP=  QA,  let 
i  =  /_  of  incidence,  i'=  L  of  refraction  ;  we  have 


QP-. 


cos.  t 


q'P-. 


u 


cos.  I 
cos.  i 


7;     and  since  qP=^iiQP 


U  =-fJb- 


cos.  % 
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whicli  is  greater  than  tlie  first  value  of  u  ;  or,  there  is  aberration 
in  the  refraction  of  a  pencil  at  a  plane  surface. 

.-  Secondly.  Let  Q  be  the 
focus  in  the  figure  to  which 
the  pencil  convergps  before 
incidence,  q  the  focus  to 
which  the  refracted  pencil 
converges ;  then  solving  the 
triangle  QPq,  we  find  the 
same  results  as  in  the  last 

case ;  or, 

Aq'==fjLjQ. 

If  q'  had  been  the  origin  of  a  pencil  of  diverging  rays  within 
the  medium,  then  the  emergent  rays  would  have  diverged  as  if 
they  proceeded  from  Q. 

Art.  29.  Prop.  To  find  the  form  of  the  emergent  pencil 
when  a  small  direct  pencil  of  rays  passes  through  a  plate  of  a 
refracting  medium^  with  parallel  plane  surfaces. 


Let  Q  be  the  focus 
of  the  incident  pencil,  of  ' 
which  QAB  the  axis  is 
incident  perpendicularly 
on  the  first  surface  of  the 
plate  at  A,  and  emergent 
perpendicularly  at  the 
second  surface  at  B. 


Let  QP  be  another 
ray  of  the  pencil  incident  at  P,  refracted  in  q'PR,  and  emergent 
at  R,  in  the  direction  qR^  so  that  q  is  the  virtual  focus  of  the 
emergent  rays.     . 

Let    QA=Uy   q'A=Uf  Bq—v,  and  -^J5= thickness   of  the 
plate  =  t. 


Then  by  the  last  proposition         u  =^fiu ; 


REFRACTION   OF  LIGHT  BY  MEDIA.  47 

and  if  the  pencil  had  come  the  contrary  way  converging  to  q,  we 
should  have 

Bq  =  fi .  Bq 
or,  .  t  +  u  =/xv=^t  +  fiu 

f 

which  gives  the  position  of  q. 


Also  Qq  =  BQ—Bq  =  u  +  t—v 


3 
If  the  plate  be  of  glass,  for  which  /a=^»  we  have 

i-i 

2 
or,  the  rays  diverge  after  emergence,  from  a  point  which  is  nearer 
to  the  plate  by  ^  the  thickness. 

If  the  rays  converge  before  incidence  to  a  focus  at  q,  the 
same  proof  shews  us  that  after  emergence  they  will  converge  to 

a  focus  as  Q,  which  is  distant 1  beyond  q,  from  the  plate. 

When  the  pencil  is  large,  it  will  be  shewn  in  Part  II. 
that  there  is  an  aberration  which  depends  on  the  thickness ;  and 
that  when  the  pencil  is  oblique,  there  is  confusion. 

In  the  formation  of  images  by  pencils  refracted  at  plane  sur- 
faces, if  the  incident  pencils  arise  from  an  object  either  within 
or  without  the  medium,  the  image  will  be  always  virtual ;  but 
if  converging  pencils  would  have  formed  a  real  image,  provided 
the  refracting  medium  had  not  interposed,  then  a  real  image 
will  be  formed  by  the  refracted  rays. 

Art.  30.  Prop.  2h  Jind  the  position  of  the  image  formed 
hy  small  direct  pencils  from  an  object,  which  have  been  refracted 
at  the  plane  surface  of  a  dense  medium. 
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First.  Let  the  object  be  exterior  to  the  medium 
Q"QQ'  in  tlie  figure;  from  any  point 
Q  draw  a  perpendicular  line  to  the  sur- 
face AQq ,  and  make  Aq  =fi.AQ,  then 
q'  is  the  point  from  which  the  refracted 
rays  diverge,  and  the  virtual  image  of 
Q  .•  the  same  being  performed  for  all  the 
other  points  in  the  object,  we  have  an 
image  q'q'q",  as  in  the  figure,  more  dis- 
tant from  the  surface  than  the  object ; 
and  their  directions  produced  meet  at 
the  surface. 

.y  Secondly.  Let  the  object  be  within  the  medium,  as,  for 
instance,  in  water,  as  in  the  figure.  If  the  rays  diverged  from 
an  object,  as  q'q" t  pa- 
rallel to  the  surface, 
by  drawing  perpendi- 
culars to  the  surface, 
and  measuring  the  dis- 
tances, as  in  the  second 
case  of  Art.  28,  we  should  find  the  position  of  the  virtual  image 
from  which  the  emergent  rays  proceed,  as  QQ ,  also  parallel  to 
the  surface,  and  nearer  to  it  than  the  object  by  the  distance 

Aq'-AQ 

Therefore  a  small  object  in  water  appears  to  an  eye  over  the 
surface  to  be  nearer  to  it  by  a  quantity 


Aq' 


than  it  really  is. 


rf 


If  pencils  of  rays  had  converged  to  form  a  real  image  at 
QQ,  if  the  medium  had  not  interposed,  they  would  form  a  real 
image  at  q'q". 

If  the  object  had  been  inclined  to  the  surface,  the  image 
would  also  have  been  inclined,  but  at  a  less  angle. 
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Art.  31.  Prop.  To  find  the  position  of  the  image  of  an 
object  when  the  pencils  have  been  refracted  by  a  plate  with  parallel 
plane  surfaces. 


Let  Q'QQ"  be    the   object,    and    ^ 
drawing   a   perpendicular  QqAB  to 
the  surfaces  of  the  medium  from  any 

point  Q,  make  Qq  =  A£  (— )  as 

found  in  Art.  29,  we  have  q  the  focus 
of  the  rays  emerging  from  the  plate,  b 
The  same  being  done  for  all  other 
points  in  the  object,  we  have  an  image 
equal  and  similar  to  it,  as  qiqq^  in 
the  figure. 


?i    a' 


In  this  case  the  only  effect  has  been  to  make  the  object  ap- 
pear, to  an  eye  on  the  opposite  side  of  the  plate,  to  be  drawn 

nearer  to  it  by  the  distance  AB(- j. 

When  the  incident  pencil  is  not  very  small,  there  is  aberra- 
tion, which  varies  directly  as  the  thickness  of  the  plate  and  the 
square  of  the  half  diameter  of  the  pencil ;  so  that  for  a  very  thin 
plate  it  is  insensible,  however  large  the  pencil  may  be. 

When  the  pencil  is  oblique,  the  confusion  depends  on  the 
obliquity,  and  is  also  directly  as  the  thickness  of  the  plate ;  so 
that  in  thin  plates  it  is  insensible. 


An  optical  prism  differs  from  a  geometrical  one  in  two  of  the 
inclined  faces  only  being  requisite  to  produce  the  optical  effects. 
The  ordinary  form  used  is  a  triangular  prism  of  glass,  and  in  the 
very  fine  ones  two  of  the  faces  only  are  polished. 

Those  made  at  the  manufactory  of  Utzschneider  and  Fraun- 
hofer  at  Munich,*   are  pre-eminent  for  the  purity  and  homo- 


*  Now  carried  on  by  Mess.  Merz  and  Mahler. 
E 


50 


OPTICS. 


geneity  of  the  glass,  as  well  as  the  accurate  planeness  of  the 
surfaces.  The  use  of  prisms  of  this  quality  will  be  seen  from 
the  articles  on  the  chromatic  dispersion. 

The  common  prisms  which  are  sold  in  the  opticians'  shops 
are  generally  sufficient  for  the  most  ordinary  experiments  only ; 
better  prisms  may  be  made  with  two  rectangular  pieces  of  plate 
glass  firmly  set  to  form  two  sides  of  a  triangular  box,  which 
can  be  filled  with  water  or  spirit  of  turpentine. 

The  angle  of  a  prism  is  the  angle  between  the  plane  refract- 
ing surfaces ;  and  the  edge  of  the  prism  is  the  line  in  which  they 
meet. 


Art.  32.  Prop.  When  a  ray  of  light  passes  in  a  perpen- 
dicular section  through  a  prism  of  a  dense  refracting  substance, 
the  deviation  is  always  towards  the  thicker  part  of  the  prism. 

B •  C 

Let  ABC  in  the  figures 
represent  the  perpendicular 
section  of  the  prism  by  the 
plane  of  the  paper,  and  let 
BAC  be  the  refracting  angle 
of  the  prism.  Let  SP  be  the 
incident  ray  in  the  figures, 
PQ  the  refracted  ray  within 
the  prism,  QR  the  emergent 
ray. 

The  angle  of  incidence  at  P 
may  be  such  that  the  refracted 
ray  PQ  may  either  make  an 
acute  angle  with  AQ  at  inci- 
dence on  the  second  surface 
at  Q,  as  in  the  first  figure ; 
or  fall  perpendicularly  on  the 
second  surface,  as  in  the 
second  figure ;  or,  lastly,  may 
make  an  obtuse  angle  with 
^Q,  as  in  the  tliird  figure. 


REFRACTION   OF  LIGHT  BY  MEDIA. 


dl 


Let  nn  be  the  normal  to  the 
surface  at  P,  niQ  that  at  Q,  meet- 
ing nPn  at  n  in  the  first  figure, 
and  at  n  in  the  third. 

In  the  first  figure  let  the  di- 
rections of  the  incident  and  e- 
mergent  rays  meet  at  D,  making 
Z.  QDE  the  deviation.  The  re- 
fractions at  P  and  Q  are  both 
towards  the  thicker  part  of  the 
prism,  and  therefore  the  whole 
deviation,  which  is  the  sum  of  the  bendings  at  P  and  Q,  is  so 
also. 


In  the  second  figure  the  incidence  on  the  second  surface 
being  perpendicular,  the  ray  emerges  perpendicularly,  and  the 
L  QPD  between  the  directions  of  the  incident  and  emergent 
rays  is  the  deviation,  and  towards  the  thicker  part  of  the  prism. 

In  the  third  figure  let  D  be  the  point  where  the  directions  of 
the  incident  and  emergent  rays  meet ;  the  refraction  at  P  is  to- 
wards the  thicker  part,  and  at  Q  it  is  from  it ;  but  the  angle  of 
refraction,  n'PQ  at  P,  is  greater  than  the  angle  of  incidence  on 
the  second  surface  nQP,  since  it  is  the  exterior  angle  of  the 
triangle  PnQ,  and  to  the  greater  angle  belongs  the  greater 
deviation  ;  therefore  the  deviation  at  P  towards  the  thicker  part 
is  greater  than  the  deviation  at  Q  towards  the  thinner  part,  or 
the  whole  deviation  QDP  is  towards  the  thicker  part. 

If  we  had  taken  the  rays  coming  in  the  contrary  direction, 
or  had  taken  RQ  for  the  incident  ray,  varying  in  the  directions 
of  incidences,  we  should  have  had  the  same  results. 

Cor.  If  the  prism  had  been  rarer  than  the  surrounding 
medium,  the  refractions  would  have  been  of  an  opposite  kind, 
and  the  deviation  towards  the  thinner  part  of  the  prism. 

Art.  33.     Prop.     To  shew  that  the  algebraic  sum  of  the  ^ 
angles  of  refraction  at  the  first  surface  and  of  incidence  at  the 
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second  surface   of  a  prism  equals  the  refracting  angle  of  the 
prism;  and  to  find  an  expression  for  the  deviation. 

Referring  to  the  figures  of  the  last  proposition,  we  have  in 
the  first  figure  the  quadrilateral  PAQn,  right-angled  at  P  and 
Q;  and  therefore 

LPAQ+  LPn'Q  =  2  right  angles 

=  LPn'Q+  LnPQ+  Ui'QP 
.'.   Ln'PQ+  Ln'QP=  LPAQ; 
or  the  sum  of  the  angles  of  refraction  at  the  first  surface  and 
incidence  on  the  second  surface  equals  the  angle  of  the  prism. 

In  the  second  figure,  the  angle  of  incidence  on  the  second 
surface =0,  and 

Ln'PQ-\-  L  APQ = a  right  angle 

=  LPAQ-^LAPQ 
.-.   Ln'PQ=LPAQ; 
and  the  proposition  holds  good. 

In  the  third  figure,  the  angle  mnn  between  the  normals 
equals  the  angle  between  the  surfaces,  or, 

Lmnn  =  LPAQ 
and  LnPQ=Ln7iQ  +  L  PQn 

=  LPAQ  +  LPQn 
or,  '      L  n'PQ  -  L  PQn  =  L  PAQ. 

The  angle  PQn  being  here  measured  on  the  other  side  of  the 
normal  to  the  first  case  becomes  negative,  and  the  proposition 
holds  good  as  before. 

Let  d  be  the  deviation,  a  the  angle  of  the  prism,  i  the  angle 
of  incidence  at  the  first  surface,  i'  the  angle  of  refraction,  e  the 
angle  of  incidence  at  the  second  surface,  e  the  angle  of  emergence. 

Then,  in  the  first  figure,  d=  L  QDE 

=  L  QPD  +  L  PQD 

=  {;i  —  i')  +  {e—e') 
=  i  +  e—{i'  +  e') 
=  /•+-<' — a. 
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In  the  second  figure  d=  L  QPD 

=  i — i' 

which  might  be  derived  from  the  last  case  by  making  e=0. 

In  the  third  figure     d=  L  QDP 

=i—  Z_ between  nn  and  QD 

=i-{LPQD+  LnPQ) 

=^i—{e  —  e'  +  i') 

=i  —  e—(i'—e') 

=t — e — a 
which  might  have  been  derived  fcom  the  first  formula  by  taking 
e  negative  as  falling  on  the  other  side  of  the  normal. 

Art.  34.  Prop.  To  find  expressions  for  the  deviation  in 
terms  of  the  angle  of  the  prism,  and  the  refractive  index- 

There  are  three  cases  in  which  the  deviation  is  expressed 
very  simply :  first,  when  the  angle  of  the  prism  is  small,  and  the 
ray  passes  with  very  little  obliquity  through  it,  or  the  angles  of 
incidence  and  emergence  are  small;  secondly,  when  the  ray  is 
incident  or  emergent  perpendicularly ;  and,  thirdly,  when  the 
angles  of  incidence  and  emergence  are  equal. 

Taking  as  the  general  formula 

d=^i  +  e — a. 
we  have  also         sin.  i—ii  sin.  z;  sin.  e=/i  sin.  e 
and  a=i'-^-e'. 

When  i  and  e  are  small,  as  well  as  a,  we  have,  since  the  arcs 
may  be  put  for  their  sines, 

i=.fii\  e=-iie  nearly 
and  .*.  <f =/A  {i  +  e')  —  a 

or  the  deviation  is  in  this  case  constant  very  nearly ;  and  when 
/i,=f  for  glass,  is  half  the  angle  of  the  prism. 

When  the  ray  emerges  perpendicularly,  we  have 
e=0,  e'=0 
.♦,  «  =  i',  and  sin.  i=//.  sin.  »'  =  /i.  sin.  a 
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whence  «  =  arc  (sine=/i  sin.  «) 

—  s\n.~^  {fi  sin.  a) 

.'.  d=aTc  (sine=/i.  sin.  a)— a 
=sin.~' (/Lt  sin.  a)  — a. 

When  the  angles  of  incidence  and  emergence  are  equal,  we 
have  i  =  e,  j'=e',  and  a  =  2«' 

and  fl=2  i—ot 


also 


.,  .      a. 

sm.  «=/Lfc  sm.  t  =  fi  sm.  - 


/  •  •  •      « \\ 

.  «=arc  (sine  =  fi  sin.  -  1 1 

=sin.-»  (/A  sin.  |) 

.'.   f^=2  arc  (sine  =  fi  sm.  ^  )  — « 

=  2  sin.~^  (yit  sin.  -j  —  a. 


Art.  35.  Prop.  To  investigate  expressions  for  determining 
the  value  of  the  refractive  index  for  a  ray  of  light  passing  through 
a  prism,  of  which  the  angle  and  the  deviation  in  one  of  the  three 
simple  cases  are  known. 

When  the  angle  of  the  prism,  and  the  angles  of  incidence 
and  emergence  are  small,  the  formula 

d  =  {fi  —  \)u 

d  +  a 
gives  us  fi= 

attMr€hte  /x  is  knowii  when-  d  and  «  are  known. 

When  the  ray  emerges  perpendicularly,  we  have  the  formulae 

d-=^i—o(.,  and  t=^a 

sin.  i       sin.  (d  +  oi) 

•  *.      Z*^^ — : r-:^ 7-^ 

sin.  i  sin.  « 

wliich  givet*  fi  when  d  and  «  are  given. 
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When  the  angles  of  incidence  and  emergence  are  equal,  we 
have  the  formulae 

d=2i — «,  andi'=  — 

,      /d  +  a\ 
sin. 


'•(-2-) 


sm.  t              V    2 
.-.    fi=— 7= 

sin.  t  .      a. 

This  last  formula  is  the  one  which  is  to  be  used  when  /u,  is 
required  to .  be  determined  with  great  accuracy  from  experi- 
mental measures  of  the  angle  of  the  prism,  and  the  deviation  of 
a  ray  of  light  of  a  given  colour.  The  deviation  in  this  case  is 
a  minimum,  as  will  be  shewn  in  Part  II. ;  and  the  confusion 
is  very  small  when  the  ray  passes  through  but  little  thickness, 
as  near  the  edge  of  the  prism. 

Though  several  other  methods  of  determining  fi  experi- 
mentally are  applicable  with  advantage  in  particular  circum- 
stances, yet  they  are  very  inferior  in  accuracy  to  this  method, 
when  a  prism  of  the  medium  can  be  used  as  above  described. 

Art.  36.  Prop.  To  find  the  form  and  position  of  the  image 
of  an  object  placed  before  a  thin  prism  of  a  small  refracting  angle. 


We  suppose  the  rays  by  which  the  image  is  formed  to  be 
incident  and  emergent  so  nearly  perpendicularly  to  the  surfaces 
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that  we  may  use  the  fonnulae  for  small  direct  pencils  in  finding 
the  position  of  corresponding  foci. 

Let  BAC  be  the  prism  of  small  refracting  angle ;  and  let 
an  arrow  at  Q,  as  in  the  figui'e,  be  the  object.  Draw  nQq  a 
normal  to  the  first  surface  through  any  point  Q,  and  take 

nq'=fi.nQ 
then  after  refraction  the  rays  in  the  prism  will  diverge  as  if 
from  q. 

Draw  q'qm  a  normal  to  the  second  surface  of  the  prism 
through  q,  and  take 

mq' 

mg= — ^— 
fi 

then  after  emergence  the  rays  will  diverge  as  if  they  had  come 

from  q;  and  the  same  being  performed  for  the  other  points  in 

the  object,  we  find  the  corresponding  points  in  the  virtual  image 

at  qy  as  in  the  figure.     Neglecting  the  thickness  of  the  prism, 

we  may  consider  the  image  as  appearing  to  an  eye  at  e-  in  a 

difierent  direction,  but  nearly  at  the  same  distance  and  of  the 

same  form  as  the  object.  , 

What  is  here  shewn  for  a  thin  prism  holds  good  for  a  prism 
of  any  angle  when  the  image  is  formed  by  small  pencils  passing 
through  the  prism  at  the  angle  of  minimum  deviation,  as  will  be 
shewn  when  we  consider  the  oblique  refraction  of  pencils.    • 

We  h'ave  to  remember  that  we  consider  hitherto  the  light 
subject  to  refraction  to  be  homogeneous,  or  of  one  colour  only. 
Such  light  it  is  very  far  from  easy  to  procure  ;  the  purest  arti- 
ficial light  being  obtained  from  the  spirit-rof-wine  lamp,  by  put- 
ting a  few  grains  of  common  salt  on  the  wick,  when  the  flame 
becomes  of  a  verj'  homogeneous  orange  light,  though  unfor- 
tunately not  of  great  intensity.  If  the  arrow  in  the  figure  were 
illuminated  with  this  light,  we  should  see  a  distinct  image,  as 
found  above.  The  reason  of  the  image  appearing  coloured  and 
indistinct  when  the  object  is  illuminated  with  ordinary  light  will 
be  understood  when  the  chapter  on  chromatics  has  been  studied. 
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EXAMPLES. 

Ex.  1.  Shew  that  a  ray  of  light  entering  a  medium  for 
which  the  refractive  index  is  1'4142  (=V2),  cannot  have  a 
greater  deviation  than  45°. 

Ex.  2.  On  looking  into  a  plate  of  glass  (/i  =  5-),  the  thick- 
ness appears  to  be  f  of  an  inch  ;  what  is  the  real  thicknesai? 

Ex.  3.  A  straight  rod  being  partly  immersed  in  a  fluid,  the 
part  out  of  the  fluid  making  an  angle  a  with  the  surface,  the 
image  of  the  part  immersed  makes  an  angle  a',  such  that 

tan.  a 


tan.  a  = 


/* 


Ex.  4.  A  piece  of  glass  being  placed  in  water,  shew  that 
the  refractive  index  for  a  ray  passing  from  the  water  into  the 
glass  is  f ,  and  from  the  glass  into  the  water  is  |. 

Ex.  5.  Shew  that  when  a  prism  of  glass  of  a  small  refract- 
ing angle  is  immersed  in  water,  the  .deviation  of  a  ray  passing 
through  it  is  only  one-fourth  of  what  it  is  in  air. 

Ex.  6.  Shew  that  if  the  angle  of  a  prism  of  any  substance 
be  greater  than  twice  the  critical  angle,  no  ray  of  light  can  pass 
through  the  prism.  Explain  from  this  why  we  never  see  through 
two  contiguous  faces  of  a  cube  of  glass. 

Ex.  7.  The  angle  of  a  prism  of  glass  being  60°,  shew  that 
the  minimum  deviation  of  a  ray  of  light  passing  through  it  is 
37°  10'  nearly  ;  having  given  that  sin.  (48°  35')  ='75  nearly. 


CHAPTER  V. 

ON  THE  REFRACTION  OF  HOMOGENEOUS  LIGHT  AT  CURVED 
SURFACES  OF  MEDIA. 


The  surface  of  accurate  refraction,  or  that  which  refracts  to  a 
point  q  a  pencil  of  rays  di- 
verging from  a  point  Q,  in  the 
figure,  is  formed  (see  Part 
II.)  by  the  revolution  of  a 
transcendental  curve  about  the 
axis  QAq',  which  is  such  that 
for  any  incident  ray  QP,  we  have 

QF+/ji,.q'P=:QJ  +  fi.g'A 

=a  constant  quantity  for  every  ray. 
I 
In  a  few  particular  cases  the  curve  becomes  one  of  the  conic 
sections ;  but  the  surfaces  of  accurate  refraction  are  of  less  im- 
portance than  those  of  accurate  reflexion,  because  there  are 
means  of  correcting  the  errors  in  dioptrical  instruments,  by  the 
errors  of  one  refraction  compensating  for  those  of  another,  which 
does  not  exist  in  the  same  way  in  catoptrical  ones. 

Art.  37.  Prop.  If  a  pencil  of  parallel  rays  fall  parallel 
to  the  axis  upon  a  convex  surface  of  a  refracting  medium  which  is 
a  prolate  spheroid,  the  eccentricity  of  the  generating  ellipse  being 

the  reciprocal  of  the  refractive  index,  or  e=-,  then  the  pencil 

will  be  refracted  accurately  to  the  farther  foctcs. 

Let  QA  be  the  ray  in- 
cident perpendicularly  at 
A,  and  which  passes  along 
AG  S  A  the  axis  of  the 
spheroid ;  QP  another  ray  of  a' 
the  pencil  incident  at  P,  and 
refracted  in  PS.  Let  PG 
be  the  normal  to  the  ellipse 
at  P. 
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Then  by  the  property  of  the  ellipse,  if  (She  the  further  focus, 
we  have  SG  =  e.SP. 

Produce  the  direction  of  PG  to  N;  then 

Z_  of  incidence  QPN=  LAGP=i,  say  ; 

and  if  i'  be  the  angle  of  refraction,  we  have 

sin.  i  1 

^ — r,=/i=- 
sin.  I  e 

~SG^ 

*  _sin^^P 

"sin.  SPG 
and  i=LAGP        .-.  i'=LSPG 

and  SP  is  the  refracted  ray  corresponding  to  QP;  similarly  every 
other  refracted  ray  will  pass  through  S.  Reciprocally,  if  a  pencil 
of  rays  diverged  within  the  medium  from  S,  they  would  after 
emergence  be  parallel. 


Art.  38.  Prop.  If  a  pencil  of  rays  diverging  from  a  point 
which  is  the  further  focus  of  an  hyperholoid  of  revolution,  about 
the  major  axis,  which  forms  a  convex  refracting  surface  of  a  dense 
medium,  the  eccentricity  of  the  generating  hyperbola  being  equal 
to  the  refractive  index  {or  e=fjb),  then  the  rays  within  the  medium 
will  be  parallel  to  each  other. 

Let  S  be  the  point  from 
which  the  rays  diverge,  and 
SA'AG  the  one  passing  in 
the  axis  of  the  hyperboloid, 
without  changing  its  direction 
on  entering  the  dense  medium 
at  A.  Let  SP  be  any  other 
ray  incident  on  the  hyper- 
boloid at  P,  and  PG  the  normal,  which  is  produced  to  N. 

Then  from  the  property  of  the  hyperbola  SG  =  e .  SP;  and 
as  in  the  last  proposition 
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Sin. « 
sin.  i 


•fi=e 


~  SP 
_sin.  SPG 
"sin.  SGP 

and  LSPN^i  .'.  LSGP=z;  and  if  wo  draw  PQ  parallel  to 
AG,  it  will  be  the  direction  of  the  ray  within  the  medium ; 
similarly  every  other  ray  within  the  medium  will  be  parallel 
to^G'. 

Reciprocally,  a  pencil  of  rays  within  the  medium,  parallel  to 
the  axis  of  the  hyperboloid,  would  after  emergence  converge  to  S. 


Art.  39.  Prop.  The  refraction  at  a  spherical  surface  is 
accurate,  for  a  diverging  pencil  at  a  concave  surface  and  for  a 
converging  pencil  at  a  convex  surface,  when  the  radium  is  a  mean 
proportional  between  the  distances  of  the  conjugate  foci  from  the 
center. 


Let  Q  be  the  point  from 
which  the  pencil  diverges 
when  it  falls  on  the  concave 
spherical  surface  in  the  up- 
per figure,  and  the  point 
towai'ds  which  it  converges 
when  incident  on  the  con- 
vex surface  of  the  medium 
in  the  lower  figure. 

If  the  radius  OA  and 
distance  Oq'  be  in  the  rela- 
tion to  OQ  as  follows : 


QO:JO::fi:l 

::AO:qO 

which  gives  QA=fi,q'A,  then  q'  is  the  accurate  focus  of  the 
refracted  pencil. 
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For  the  triangles  QPO,  qPO,  having  a  common  angle  at  O, 
and  the  adjacent  sides  proportionals,  are  similar,  by  Euclid, 
book  vi.  prop.  6 ;  for  AO=OP, 

and  ^  =  ^ 

QP     qP 

but  i^=l 

OP    fi 

QO_OP       <10__    £0 
■*•      QP~^P^^  OP~^Yp 

Now  in  triangle  QPO 

QO     sin.  QPO 


QP     sin.  POA 


and  in  triangle  q'PO 


q'O _sm.  q'PO 
Y^~  sin.  PO A 
sin.  QPO=:fi. sin.  q'PO 

and  QPO  is  the  angle  of  incidence  for  any  ray ;  and  therefore 
q'PO  is  the  angle  of  refraction,  and  q  is  the  accurate  focus  of 
the  refracted  pencil. 

Cor.  The  reciprocal  of  the  above  evidently  holds  good, 
that  a  pencil  within  the  medium  having  q  for  focus  will  after 
emergence  have  Q  for  accurate  focus. 

When  a  pencil  of  rays  is  refracted  at  a  spherical  surface  of  a 
medium,  the  refraction  is  not  accurate,  except  in  the  cases  of  the 
last  proposition,  and  when  the  pencil  converges  towards  or  di- 
verges from  the  center  ;  there  being  generally  aberration,  as  in 
mirrors,  and  a  caustic  similarly  formed ;  but  at  the  focus,  which 
is  the  cusp  of  the  caustic,  the  refracted  rays  are  collected  ap- 
proximately to  a  point  for  a  pencil  of  small  magnitude ;  and 
as  spherical  and  plane  surfaces  only  are  used  in  dioptrical  instru- 
ments, it  is  necessary  to  know  the  properties  of  such  surfaces : 
the  corrections  will  be  treated  in  Part  II. 

Art.  40.     Prop.     To  find  the  focus  of  the  refracted  rays 
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when  a  small  pencil  of  parallel  rays  is  ivcident  directly  on  a  con- 
vex spherical  surface  of  a  dense  medium. 

Let  PAP  be  the  con- 
vex surface  of  the  dense 
medium,  of  which  O  is 
the  center.  Let  SAO 
be  the  ray  of  the  pencil 
which  passes  through  O, 
and  therefore  is  incident 
perpendicularly  at  A, 
and  enters  the  medium  without  deviation.  Let  SP  be  another 
of  the  parallel  rays  refracted  in  Pq,  and  meeting  the  ray  SAO 
in  q,  wliich  is  the  focus  of  the  refracted  rays  required. 

Draw  the  radius  OP,  and  produce  it  to  N, 
Then  angle  of  incidence  SPN=  LAOP=i, 

and  angle  of  refraction  =  l_  OPq  =  i'. 

Let  fi  be  the  refractive  index,  and  r  be  the  radius  OA  or  OP. 
In  the  triangle  q'PO  we  have, 

sin.  AOP _  sin.  i_    _  q'P 
sin.  q'PO      sin.i'  q'O 

When  the  pencil  is  small,  we  have  qP=^(fA  very  nearly, 
which  is  called  the  principal  focal  length  of  the  refracting  sur- 
face.    Let  q'A=f,  then 

?'0     '^     f-r 


and 


/  = 


If  the  refracting  medium  be  glass  and  P'=-^,  then/' =8 r. 


Art.  41.  Prop.  To  find  the  focus  of  the  refracted  rays 
when  a  small  pencil  of  parallel  rays  is  incident  directly  on  a  con- 
cave spherical  surface  of  a  derive  medium. 

Let  PAP  be  the  concave  refracting  surface,  of  which  0  is 
the  center.    Let  SOA  be  the  ray  which  enters  the  medium  with- 
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out  deviation ; 
SF  a  ray  inci- 
dent at  P,  and 
refracted  in  PH, 
which  being 
produced  meets 
the  hne  SOA  in 

q.  The  pencil  being  small,  the  distance  Aq  is  the  principal 
focal  length  /',  which  is  measured  in  the  contrary  direction  to 
that  in  the  former  case  ;  the  focus  now  being  virtual. 

Draw  the  radius  OF,  and  produce  it  to  N. 

The  angle  of  incidence    SFO=  LAOF=i 
angle  of  refraction  NFJl=  L  OFq'^=i. 

Putting  AO  =  r,  and  solving  the  triangle  q'FO  as  in  the  last 
proposition,  we  have  the  same  result ;  or. 


Aq=f  = 


fir 


M-1 


Art.  42.  Prop.  To  jfind  the  focus  of  the  emergent  rays 
tvhen  a  small  pencil  of  parallel  rays  within  a  dense  medium  is 
incident  upon  a  spherical  surface. 

N 

Let  the  surface  of 
the  medium  be  con- 
vex in  the  upper  and 
concave  in  the  lower 
figure,  and  SJ,  SF 
rays  within  the  me- 
dium which  are  paral- 
lel, and  SA  passing  through 
the  center  0.  '  ^ 

Putting  the  same  letters 
for  the  same  things  as  in  the 
previous  propositions,  and 


tht 


e'=  Z.  of  incidence  within  the  medium, 
e  =  Z-  of  emerge __     V 


64 


OPTICS. 


we  have,  as  before, 


sin.  e_    _^0 


which  for  a  small  pencil  becomes  ultimately 

qO 

JL±L 

f 

r 


whence 


/  = 


/^-l 


Cor.  Reciprocally,  if  the  rays  had  diverged  from  q  in  the 
first,  or  converged  towards  q  in  the  second  figure,  they  would 
have  been  refracted  parallel  within  the  medium. 

Art.  43.  Prop.  To  find  the  form  of  the  refracted  pencil 
when  a  small  diverging  pencil  of  rays  is  incident  directly  on  a 
convex  spherical  surface  of  a  dense  medium. 


Let  PAF  be  the 
spherical  surface  of  which 
the  center  is  O,  Q  the 
focus  of  the  incident  rays, 
an(^  there  will  be  two 
cases,  as  in  the  two 
figures,  according  as  ^Q  is  greater  or  less  than  the  value  found 
for  Aq  in  the  last  proposition  ;  q'  the  focus  of  the  refracted  rays, 
which  is  real  in  the  first  figure  and  virtual  in  the  second.  Let 
QAO  be  the  ray  which  enters  the  medium  without  deviation  at 
A,  QP  another  ray  of  the  incident  pencil,  which  is  refracted  in 
Pq'  in  the  first  figure,  and  in  q'PR  in  the  second. 


Draw  the  radius  OP,  and  vf  whce  it  to  N. 
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Then,  the  angle  of  incidence  =  Z.  QPN=i 

the  angle  of  refraction  =  ]      rt-nrA  — 

V  i_  jtiJrO) 

let  the  angle  POA  =o 

from  the  triangle  QOP  we  have 

from  the  triangle  q'OP   .... 
by  compounding, 


sin.  0     QP 
sin.  o  _  q'P 
sin.  i'     q'O 
sin.  i_ 
sin.  i' 


or, 


_Q0     qP 
~QP^q'0_ 

9:9.=      19. 
QP     ^'q'P' 


Since  the  pencil  is  very  small,  QP=QA,  and  q'P =q' A  nearly; 
let  QA=u,  qA—ti,  AO=r, 


we  have 


or 


9:9-..    ^^ 
QA     " 

u  +  r 


QA    ^'q'~A 


■.fi. 


u  +r 


the  upper  sign  referring  to  the  upper  figure,  and  the  lov^^er  sign 
to  the  low^er ;  whence,  dividing  by  r, 


1      1 


which  gives  q  the  point  to  which  thi^fracted  pencil  converges. 

Art.  44.  Prop.  To  find  the  form  of  the  refracted  pencil 
when  a  small  diverging  pencil  is  incident  directly  on  a  concavt 
spherical  surface  of  a  dense  medium. 


Let  PAP  be  the  con- 
cave spherical  surface  of 
the  medium,  of  which  0  is 
the  center.  Let  Q  be  the 
point  from  which  the  in- 
cident rays  diverge ;  QOA 
the   ray   passing  through 
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O,  and  entering  the  medium  at  A  without  deviation  ;  QP  another 
ray  incident  at  P,  and  refracted  in  PR,  which  being  produced 
backward  meets  QA  in  q,  which  is  the  virtual  focus  of  the 
refracted  rays. 

Then  the  angle  of  incidence    =  L  QPO  —  i 

the  angle  of  refraction   =  LRPN=  LqPO-i 
let  the  angle  POA  —  o 

from  the  triangle  QPO  we  have 
from  the  triangle  qPO 
by  compounding, 


sin. 

0 

QP 

sin. 

0 

-9'P 

sin. 

q'O 

sin. 

.  i 

=  a 

sm.  I 

^QO      q'P 

~QP^qO 

QO  q'O 

or,  ^u,.- — 

QP     ^    q'P 

The  pencil  being  small,  we  may  put  QA=  QP,  and  q'A  —  q'P; 

Q0_    qO_ 

'''      QA~^qA 

putting  u  =  QA,   u  =  q'A,    OA = r,  as  before, 

,  u—r  u' — r 

we  have  =  u, .  — ; — 

u  u 

whence  lLz=.— \-  — 

u  r         u 

/        « 
which  gives  q  the  virtual  focus  from  which  the  refracted  pencil 
diverges. 

Cor.  Reciprocally,  if  the  pencil  within  the  medium  had 
converged  to  q,  it  would  after  emergence  converge  to  Q. 

The  cases  of  converging  pencils  incident  upon  convex  or 
concave  surfaces  may  be  solved  directly,  as  in  the  two  last 
propositions ;  but  as  every  case  of  the  direct  refraction  of  small 
pencils   at  plane   or  spherical  surfaces   may  be  deduced  from 
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either  of  these  by  taking  lines  negative,  which  fall  in  a  direction 
opposite  to  what  they  do  in  the  case  taken  for  standard,  we  will 
apply  that  method  to  converging  pencils,  together  with  the  other 
cases,  and  take  for  our  standard  case  the  one  in  which  a  pencil 
diverging  from  a  distant  point  is  incident  on  a  convex  surface  ; 
for  which  the  formula  is 

yu,       y^  — 1       1 


Art.  45.     To  adapt  the  formula  to  the  case  of  a  converging 
pencil  incident  on  a  convex  surface. 


Since  the  pencil  con- 
verges, Q  falls  on  the  op- 
posite side  of  A  to  the 
standard  case ;  and  there- 
fore u  must  be  taken  nega- 
tive, and  the  formula  is 


/.-I       1 

__ 1-  — 

u  r  u 


H' 


If  Q  had  fallen  between  A  and  O,  we  should  still  have  had 
q'  between  Q  and  0;  and  the  formula  shews  us  that  u  cannot 
change  sign ;  or  q  is  always  on  the  same  side  of  A. 

Cor.  If  the  pencil  within  the  medium  diverged  from  q,  it 
would  after  emergence  diverge  from  Q. 

Art.  46.  To  adapt  the  standard  formula  to  the  case  of  a 
converging  pencil  incident  on  a  concave  surface. 


Since  the  incident  pencil 
is  converging,  and  the  surface 
concave,  we  must  change  the 
signs  of  both  u  and  r,  and 
the  formula  becomes 

A: 

u' 
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We  see  that  there 
will  be  two  cases,  as  in 
the  figures ;  for  u'  will  be 
positive  or  negative,  as 

—  is  greater  or  less  than 
u 


Cor.  If  the  rays  within  the  medium  diverged  from  g'  in 
the  first,  or  converged  towards  q'  in  the  second  figure,  they 
would  after  emergence  diverge  from  Q. 

Art.  47.  To  adapt  the  standard  formula  to  the  case  ot  a 
plane  surface. 

The  plane  surface  must  be  considered  as  spherical  to  radius 
infinity; 


or 


r=oo 


r 

JL 

^_ 

1 

u 

u 

and 


or,  u  =^fiu 

as  found  in  Art.  28,  the  negative  sign  shewing  that  u'  is  to  be 
measured  in  the  same  direction  as  u,  or  the  contrary  to  what  it 
is  in  the  standard  case. 


Art.  48.  To  adapt  the  standard  formula  to  the  case  of 
parallel  rays  incident  on  a  concave  surface. 

Since  the  rays  are  parallel,  we  must  consider  Q  at  an  infinite 
distance,  or  m  =  oo  and — =0;  also  we  have  r  negative,  therefore 
the  formula  becomes 


u 


fi-l 


where  the  negative  sign  shews  that  u  is  to  be  measured  in  the 
contrary  direction  to  the  standard  case,  which  accords  with  the 
result  of  Art.  41. 
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Art.  49.  To  adapt  the  standard  formula  to  the  case  of 
parallel  rays  incident  at  a  convex  surface,  and  also  of  a  pencil 
diverging  from  a  near  point. 

For  a  pencil  of  parallel  rays,  we  have  m  =  oo  and  — =0 

u'  r 

and  u=fz= -!——.,  as  found  in  Art.  40. 

/A-1 


Again,  if  Q  be  so  near  A  that  u  is  less  than -,  the  value 

/A-1 

found  for/'  in  Art.  42,  we  have 

u  \u         r     ' 

and  u   is  negative,  q   falling  on  the  same  side  of  A  as  Q,  in 
accordance  with  the  lower  figure  of  Art.  43. 

Taking  u'  measured  in  the  contrary  direction,  or  negative, 
we  have 

jX         1        jM—  1 

u      u         r 

Art.  50.  Prop.  To  trace  the  corresponding  changes  of 
position  of  the  conjugate  foci  Q  and  q  ;  and  to  shew  that  they 
coincide  at  A  and  0. 

Referring  to  the  first  figure  of  Art.  43,  we  see  that  if  Q 
were  at  an  indefinitely  great  distance,  the  incident  rays  being 
parallel,  q'  would  be  at  th|^iprincipal  focus,  as  found  in  Art. 
<r40.  If  Q  then  approaches  ^t]^e  surface,  the  angle  of  incidence 
increasing,  the  angle  of  refraction  increases  also,  and  q  moves 
farther  from  A.  If  Q  comes  to  the  distance  /',  found  in  the 
first  figure  of  Art.  42,  q  has  moved  to  an  infinite  distance,  and 
the  rays  within  the  medium  are  parallel.  If  Q  still  approaches 
nearer  to  A,  q'  falls  on  the  same  side  of  A  with  Q,  as  in  the 
second  figure  of  Art.  43.  K  Q  comes  to  the  point  A  upon  the 
medium  itself,  the  refracted  rays  diverge  from  the  same  point. 
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or  Q  and  q  coincide  at  A.  If  Q  falls  between  A  and  0,  q  falls 
between  Q,  and  O,  iis  found  in  Art.  45.  If  Q  comes  to  0,  the 
incident  rays  being  all  perpendicular  to  tlie  surface,  the  refracted 
rays  will  be  so  also,  and  q  coincides  with  Q,  at  0.  If  Q  falls  on  . 
the  farther  side  of  O  from  A,  q  falls  between  Q,  and  0,  as  shewn 
in  Art.  45.  If  Q  be  at  an  infinite  distance,  the  rays  become 
again  parallel,  and  5''  is  at  the  principal  focus. 

We  see  th^t  Q  and  q   always  move  in  the  same  direction, 
and  coincide  at  A  and  O. 

The  changes  in  the  relative  positions  of  Q  and  <^  may  be 
traced  from  the  analytical  discussion  of  the  expression 

/A  _/Lt — 1       1 

u         r        u 
which  refers  to  the  first  figure  of  Art.  43 ;  thus, 

if  M  =  oo  then  ^=^- and  u=-f' 

or,  q  is  at  the  principal  focus. 

„M>-^       ^>0  ...  m'<oo 

/x— 1  u 

or,  q  is  beyond  the  principal  focus  from  A. 

„  M  = ....    ^  =  0  ...    M  =00 

/i— 1  u 

or,  q  is  at  an  infinite  distance. 

„  M<— ^         ^is— ^e         ...w'is— ve 

or,  q  falls  on  the  other  side  oi  A, 

„  M=0  ....  ^  =  00  . . .  u'=0 

u 

or,  5^'  coincides  with  Q  at  -4. 

„  M  — ^«       .     ^  is  +^'^       ...  m'  is  +^« 

^  or,  5^'  falls  on  the  original  side  of  A. 

-  =  —  .  . .  u  =r 

r 

or,  gf'  coincides  with  Q  at  O. 


u=—r         ^  =  -  ...M=r 

u       r 


REFRACTION  OF  HOMOGENEOUS  LIGHT.  71 

if?<>— r         then  ^<—  and  w'>r 

u       r 

or,  q  falls  on  the  other  side  of  O. 

fi      /i— 1  ,      ., 

„M=— 00         ....   —  = ...   n —f 

u  r 

or,  q  falls  at  the  principal  focus. 

In  the  same  manner  we  may  trace  the  relative  positions  of 
the  conjugate  foci  for  concave  refracting  surfaces. 

I  J  ■    ■  ' 

v/7  t^  -v^ 


CHAPTER  VI. 

ON  THE  COMBINED  REFRACTIONS  OF  HOMOGENEOUS  LIGHT  AT 
CURVED  SURFACES,  AND  THE  FORMATION  OF  IMAGES. 

Definition.  A  lens  is  a  portion  of  some  transparent  substance, 
as  glass,  crystal,  &c.,  of  which  the  surfaces  are  generally  either 
both  spherical,  or  one  plane  and  the  other  spherical.  Some- 
times they  are  formed  by  other  surfaces  of  revolution,  which 
must  then  be  specified ;  and  if  there  is  no  mention  of  the  parti- 
cular form  of  the  surface,  we  understand  them  to  be  as  first 
mentioned. 

The  axis  of  a  lens  is  the  line  joining  the  centers  of  the 
spherical  surfaces  when  both  are  curved ;  and  the  line  perpen- 
dicular to  the  plane  surface  which  passes  through  the  center  of 
the  other  surface  when  one  side  is  plane. 

The  following  figure  represents  the  sections  of  the  difierent 
forms  through  their  axes ;  and  when  the  surfaces  are  of  different 
kinds  they  are  differently  named  according  to  the  side  on  which 
the  light  first  falls.  We  suppose  the  light  to  come  in  the  direc- 
tion of  the  arrow. 


The  form  1  is  called  the  double-convex,  or  convexo-convex  ;  when 
the  surfaces  are  of  equal  radii  it  is  called 
the  equi-convex  lens. 

2  „  plano-convex  li 

3  „  convexo-plane. 

4  „  double-concave,  or  concavo-concave. 

5  „  plano-concave. 

6  „  concavo-plune. 
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The  form  7  is  called  the  convex  meniscus. 
„        8  „  concave  meniscus. 

„        9  „  convexo-concave. 

„      10  „  concavo-convexO  ^• 

/^^ 
The  whole  series  are  comprised  in  two  classes,  namely,  those 
which  are  thickest  in  the  center,  called  conve2c^J.enses ;  and  those 
which  are  thinner  in  the  center  than  at  the  edge,  called  concave 
lenses.  . 

Lenses  of  the  same  class,  but  of  different  forms,  may  have 
the  same  focal  length;  yet  each  has  its  peculiar  properties  in 
respect  to  aberration  and  coloured  dispersion,  which  makes  it 
more  proper  than  the  others  for  particular  uses  in  optical  in- 
struments. 

The  thickness  of  a  lens  is  generally  supposed  in  the  construc- 
tion of  instruments  to  be  so  small,  compared  with  its  focal  length, 
that  it  may  be  neglected :  it  is,  however,  easy  to  take  the  thick- 
ness into  account,  supposing  it  to  be  given  at  the  same  time  with 
the  radii  of  the  surfaces. 

Art.  51.  Prop.  To  find  the  principal  focal  length  of  a 
double  convex  lens. 

-.; 

Let  PAFB  be  the  lens,  ,  Ap 

of  which  0  is  the  centre  of  '^^^^^^^^^^^^i     \ 

the  first  surface ;  0'  that  of  •^--'-'-I^'^' ^■<Io^ gl L<   oi 

the  second.     Let  the  radius  ~^^~-^^^^^^>-\^/ 

OA  of  the  first  surface =r;  \/»\ 

OB  that  of  the  second  surface =s. 

The  incident  pencil  of  parallel  rays  being  small  and  direct, 
let  (y ABO  he  the  ray  which  is  the  axis  of  the  pencil  passing 
through  the  lens  without  deviation ;  q  the  point  towards  which 
the  rays  converge  whilst  within  the  lens ;  F  the  point  to  which 
they  converge  after  emergence,  or  the  principal  focus. 

First ;  let  the  thickness  AB  be  so  small  as  to  be  negligible, 
and  Aq'==  Bg'  nearly = /'/  BF=  AF  nearly  =  /. 
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By  Art.  40,  we  have 


f  r 

Supposing  the  rays  to  pass  through  the  lens  in  the  contrary 
direction,  diverging  from  F,  we  have,  from  the  second  case  of 
Art.  43, 

_  /^  _/^~^ L. 

Bq         ~     BF 

or, 

_  /x  _  /i-— 1  _  1 

/  """^  T 

Adding  this  to  the  former,  we  have 

which  gives /the  principal  focal  length  required. 

Again;  let  the  thickness  AB  =  t  be  small,  but  not  negligible. 
At  the  first  refraction  we  have 

At  the  second  refraction, 


Bq'  Aq—t 

fi-l         1 


s        BF 

but 


4- — =-^l  ,        i    |  =  -^--/l  4-— r-7l  nearly,  since  -7-7  is  small. 
f-^t     Aq\\—j-,j     A^        Aq)  Aq' 


^^  ^^        Aq 

Aq''^{Aqr 
Substituting  for  Aq  from  the  first  equation 

r         ^    \  fir  /  s         BF 
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whence 


For  glass  and  /jb=—-,  if  the  lens  be  equi-convex,  and  thin, 

f=r. 

Art.  52.     Prop.     To  find  the  principal  focal  length  of  a 
plano-convex  lens. 

Leti^be  the  principal  focus 
of  the  lens  APBP\  and  BF^f 
Let  the  radius  of  the  second  b 
surface  =s.  All  the  rays  of 
the  incident  pencil  being  per- 
pendicular to  the  first  surface,  are  bent  from  their  original 
direction  only  at  the  second  surface ;  and  considering  the  pencil 
to  pass  the  contrary  way,  diverging  from  F,  we  have,  from  the 
case  treated  in  Art.  42, 

BF=f=    ' 


3 

For  glass  and  /j,  =  -—,  we  have/=  2s. 


Art.  53.     Prop.     To  find  the  principal  focal  length  of  a 
convexo-plane  lens. 

Let  F  be  the  principal 
focus  of  the  convexo-plane 
lens  PAPB,  of  which  0  ^r" 
is  the  center  of  the  first 
surface,  and  AO  =  r ;  let 
q'  be  the  focus  of  the  refracted  rays  within  the  lens ;  and  let 
AB=t,BF=f 


At  the  first  refraction 


Aq'         r 
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At  the  second  refraction,  Arts.  47  and  28, 

Bq'     BF 

If  t  is  so  small  as  to  be  negligible,  or  Bq=Aq  nearly ; 

the  same  value  as  if  the  lens  were  turned  with  the  other  side  to 
the  incident  light,  and  plano-convex. 

When  t  is  small  compared  with  r,  but  not  negligible,  we  have 

-5^  =  T^,=  T^+TtW.  a,  in  Art.  51  i 

B^     Aq—t     Aq       {Aqf 
and  substituting  for  Aq' 

1  _    1    _/^-l_^  t     (H'-W 


f      BF       r     "*"/* 


•(^) 


It  may  appear  indifferent  which  side  of  the  lens  be  turned 
towards  the  parallel  rays,  since  the  focal  length  is  nearly  the 
same ;  but  on  going  to  second  approximations,  we  find  that  the 
convexo-plane  lens  has  only  about  one-fourth  of  the  aberration 
of  the  plano-convex,  and  about  two-thirds  of  that  of  an  equi- 
convex  of  the  same  focal  length.  When  the  chromatic  dis- 
persion is  not  corrected,  as  we  shall  see  in  the  next  chapter,  the 
equi-convex  is  generally  the  most  desirable  form  of  a  lens. 

Art.  54.  Prop.  To  find  the  principal  focal  length  of  a 
double  concave  lens. 

Let  PAPB  be   the     "''"^^^?.,.^ - 

lens,  and  q'AB  the   ray  \  /    """*----.'' 

which  is  the  axis  of  the  — =|-^ ''T:*    ■■< r;s„ — 

pencil    of  parallel  rays,  /  X...-^^- — 

and  which  passes  through    ^^ 

the  lens  without  deviation.  Let  q'  be  the  point  from  which  the 
rays  within  the  medium  diverge,  as  in  Art.  41 ;  and  F  the  point 
from  which  they  diverge  after  emergence,  as  in  Cor.  Art.  46,  or 
the  principal  focus.  Let  r  be  the  radius  of  the  first  surface,  * 
that  of  the  second  surface,  and  AB  the  thickness  =  t. 
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By  Art.  41,  we  have  at  the  first  refraction 

Aq         r 
By  Cor.  Art.  46,  we  have  at  the  second  refraction 

^  __/izI+J_ 


Bq  s      ■  BF 

If  t  is  so  small  that  we  may  put  Jq'=Bq'  nearly  =f,  subtract- 
ing we  have 

0=(^_,){i+i} 


BF 


or 


ip=7=(''-M7-7) 


If  t  be  small  compared  with  /,  but  not  negligible,  we  have  as 
before, 

/jb   fjb      _  f^  f^t 

Bq'~Aq'-\-t~Aq~iAff 

and  substituting  the  value  of  -j-,,  we  find 


We  see  that  the  expression  for  the  focal  length  is  the  same 
as  for  a  double-convex  lens,  if  the  lens  be  very  thin ;  but  the 
focus  is  real  for  the  convex  and  virtual  for  the  concave  lens, 
the  former  causing  parallel  rays  to  converge,  and  the  latter  caus- 
ing them  to  diverge.  We  see  also  the  analogy  which  lenses 
bear  to  prisms,  in  the  deviation  of  a  ray  being  always  towards 
the  thicker  part  of  the  lens. 

Art.  55.  Prop.  To  Jind  the  principal  focal  length  of  a 
convex  meniscus. 


Let  PAFB  be  the 
meniscus,  of  which  0 
and  O  are  the  centers 
of  the  first  and  second 
surfaces  respectively. 
Let  q  be  the  focus  of 
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the  rays  within  the  lens,  F  that  of  the  emergent  rays,  r  and  s 
the  radii  of  the  first  and  second  surfaces  respectively. 

At  the  first  refraction  we  have 

Aq         r 
At  the  second  refraction,  by  Cor.  Art.  44, 

Bq'        s        BF 
Neglecting  the  thickness  AB=t,  we  have  by  subtracting, 

Supposing  t  to  be  small  compared  with/,  but  not  negligible,  we 
find,  as  in  the  previous  propositions. 

We  see  that  we  must  have  r  less  than  s  in  order  that  the  lens 
may  be  a  meniscus  and  the  focus  real,  by  the  analysis  as  well  as 
the  figure. 

Art.  56.  Prop.  To  jind  the  principal  focal  length  of  a 
concavo-convex  lens. 

The  lens  being  P^IP^, 
and  the  letters  ^,  jP,  O,  ^ 
O  referring  to  the  same 
points  as  in  the  previous 
Articles;  let  r  and  s  be 
the  radii  of  the  first  and  second  surfaces  as  before. 

At  tlie  first  refraction,  by  Art.  41,  we  have 

Aq'        r 
At  the  second  refraction,  by  Cor.  Art.  45,  we  have 

B^        s        BF 
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whence,  neglecting  the  thickness, 

Allowing  for  the   thickness,  we  find,  in  the    same  manner  as 
before. 

The  remaining  cases  will  be  deduced  as  particular  cases  of  a 
general  formula  taken  as  standard,  but  may  easily  be  solved 
independently,  like  the  preceding. 

Art.  57.  Prop.  To  find  the  focus  of  the  emergent  rays 
when  a  small  direct  pencil  of  diverging  rays  is  incident  on  a 
double-convex  lens. 


Let  PAPB  be  the  lens,  of  which  r  is  the  radius  of  the  first 
surface,  s  that  of  the  second.  Let  Q  be  the  focus  of  the  incident 
rays,  q  that  of  the  refracted  rays  within  the  lens,  and  q  the 
focus  of  the  emergent  pencil  required.  Let  QA=u,  q'A=u', 
qB=v,  AB=t. 

At  the  first  refraction  we  have,  by  Art.  43, 
/*  _  /Lt —  1        1 

u'  r  u 

At  the  second  refraction,  considering  the  rays  to  pass  the  con- 
trary way,  by  the  same  Article, 

fi   _[jb — 1        1 
Bq  s  V 

If  the  thickness  may  be  neglected,  and  Bq^=Aq=u'  nearly,  by 
adding  the  two  expressions  above,  we  find, 

V  \  r        s  )       u 
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or, 
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1 

V 

1 

1 
u 

If  t  be  small,  but  not  negligible,  we  have 


Bq' 


u  —  t  u 


1 


8  V 

Adding  to  the  first  equation,  we  find 


or 


V  (.  r       s  )       u      u^ 
1  _  1       1  ^^  //x-1      1  y^ 

V  f       u       iJb\    r  u ' 


"We  might  have  had  Q  so  near  to  A  that  q  would  have  fallen 
on  the  same  side  as  Q;  but  q  and  q  falling  on  opposite  sides  of 
the  lens,  the  result  becomes  the  same  as  above.  If  Q  is  placed 
so  near  to  A  that  u  becomes  less  than/,  then  q  falls  on  the  same 
side  of  the  lens  as  Q,  and  v  becoming  negative,  we  have 

l^^J 1^ 

V       f       u' 

In  the  use  of  convex  lenses,  q  frequently  falls  in  this  manner 
on  the  same  side  of  the  lens  as  Q,  being  a  virtual  focus.  The  case 
may  be  deduced  from  the  one  worked  out  above,  as  the  standard 
case  for  lenses,  or  may  be  investigated  independently. 

Art.  58.  Prop.  To  find  the  focus  of  the  emergent  rays 
when  a  small  pencil  of  diverging  rays  is  incident  directly  on  a 
double-concave  lens. 


Let  PAFB  be  the  lens,  of  which  r  is  the  radius  of  the  first, 
and  *  the  radius  of  the  second  surface.     The  point  Q  being  the 
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focus  of  the  incident  rays,  5-'  of  the  refracted  rays  within  the  lens, 
and  5'  of  the  emergent  rays;  let,  as  before,  QA  =  u,  q'A  =  u, 
qB=v,  and  AB=t. 

At  the  first  refraction,  by  Art.  44, 
LL       a  —  1       1 
u  r  u 

At  the  second  refraction,  by  Cor.  Art.  46, 

H'  _      ^~^_[_  ^ 
Bq'  s  V 

If  the  thickness  is  so  small  that  we  may  put  Bq'  =  u',  subtracting 
we  have 


V  ^  r         s  )        u 


1         1 

If  the  thickness  be  small,  but  not  negligible,  we  find,  in  the  same 
way  as  before, 

V  J  U         [l  \u^/ 

The  expression,  —  = 1 shews  us  that  v  cannot  change 

V  f        u 

sign,  or  q  fall  on  the  other  side  of  the  lens,  unless  Q  falls  on  the 
other  side,  and  —  w  is  less  than/.  Therefore  g'  is  a  virtual  focus 
for  all  diverging  and  some  converging  pencils,  but  is  real  when 
the  incident  pencil  converges  to  a  point  nearer  the  lens  than  the 
principal  focal  distance. 


The  other  cases  of  converging  pencils  and  different  forms  of 
lenses  may  be  all  solved  in  the  same  manner;  or  all  the  cases 
which  can  occur  in  the  direct  refraction  of  small  pencils  by 
lenses  may  be  deduced  from  either  of  the  two  latter  proposi- 
tions by  taking  any  of  the  quantities  u,  v,  r,  s,  f,  negative  when 
measured  in  the  contrary  direction  to  what  they  have  in  the 
standard  case. 


82  OPTICS. 

Taking  the  double-convex  lens  and  a  diverging  pencil  for 
our  standard  case,  as  in  Article  57,  we  have  the  formula 


V  ^  r        s  )       u 


1        1        1 
or,  — =-7 

Art.  59.     To  adapt  the  standard  formula  to  the   case   of 
parallel  rays  incident  on  a  concave-meniscv^. 

Since  the  incident  rays  are  parallel,  Q  is  at  an  infinite  dis- 
tance, or  tt  =  oo  .*.  — =0 ;  and  since  the  first  surface  is  concave 
u 

.*.  r  is  negative,  but  greater  than  s,  because  the  lens  is  thickest 
in  the  middle ;  also  q  is  the  principal  focus,  or  v  =/. 

.'.  we  have  — =— -=(u  — 1)| [ 

V       f  V «        r  } 

Art.  60.     To  adapt  the  standard  formula  to  the  cases  of 
parallel  rays  incident  on  plano-concave  and  concavo-plane  lenses. 

Here  — =0,  since  the  incident  rays  are  parallel ;  the  radius 
u 

of  the  concave  surface  is  negative,  and  the  radius  of  the  plane 

surface  is  infinite,  or  its  reciprocal  is  zero ;  also  v=f. 

.'.  for  a  plano-concave  lens, 

\ 1  _      /^-l 

V  ~  f  ~         s 

and  for  a  concavo-plane  lens, 

1  _  1  _^      At-1 

V  ~  f  r 

The  negative  sign  shews  us  that  the  principal  focus  is  on 
the  opposite  side  of  the  lens  to  what  it  is  in  the  standard  case. 

Art.  61.     To   adapt  the  standard  formula  to  the  case  of 
parallel  rays  incident  on  a  convexo-concave  lens. 


fh 
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Here  —  =  0,  and  r  is  positive  and  s  negative ;  but  s  less 
u 

than  r,  since  the  lens  is  thinnest  in  the  middle. 

...    J_=i=.(^-i){±_±} 

V       J  \  s        r  } 

or  the  focal  distance  is  negative,  as  in  the  other  concave  lenses. 

Art.  62.  To  adapt  the  standard  formula  to  the  case  of  a 
diverging  pencil  incident  upon  a  double-concave  lens:  or  to  deduce 
the  proposition  of  Art.  58  from  that  of  Art.  57. 

Since  the  incident  pencil  is  diverging,  u  remains  as  in  the 
standard  case ;  but  both  surfaces  being  concave,  the  signs  of  r 
and  s  must  be  taken  negative. 


_L=_(,-,){-L+_L}_i. 

V  y  r        s  )       u 


which  shews  that  v  is  negative,  and  must  be  measured  in  the 
opposite  direction  to  the  standard  case. 

Taking  v  in  the  contrary  direction,  and  changing  the  signs 
on  both  sides  of  the  equation,  we  have,  as  in  Art.  58, 


— =  /^-l   — +—  +— 

V  \  r        s  )       u 


1        11 

or,  — =-T-  +  — 

V       f        u 

Art.  63.  To  adapt  the  standard  formula  to  diverging  pencils 
incident  upon  plano-convex  and  convexo-plane  lenses. 

We  suppose  the  focus  of  the  incident  rays  to  be  beyond  the 
principal  focal  length,  or  u  greater  than/.  Taking  the  radius  of 
the  plane  surface  infinite,  we  have  for  the  plano-convex  lens 

1  ^At-1       1 

V  s  u 

and  for  the  convexo-plane  lens 

1      fi-\       1 
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Both  these  expressions  are  contained  in  the  general  one, 

Jl_^J !_ 

V  f       u 

when  /  has  the  value  of  the  principal  focal  distance  for  each 
form  respectively. 

Art.  64.  To  adapt  the  standard  formula  to  diverging  pencils 
incident  upon  plano-concave  and  concavo-plane  lenses. 

If  we  take  the  formula — =— ,  we  have,  by  Art.  60,/ 

V       f       u 

negative  for  these,  as  well  as  other  concave  lenses.     Therefore 

the  formula  becomes 

J_^ 1 1_ 

V  f       u 

and  V  must  be  negative ;  measuring  it  consequently  in  the  oppo- 
site direction  to  the  standard  case, 

1_^ 1 1^ 

V  f       u 

1     11 

or,  — =      +_ 

V  f       u 

the  same  form  as  in  Art.  62. 

Art.  65.  To  adapt  the  standard  formula  to  the  case  of  a 
convex  lens,  and  the  incident  pencil  diverging  from  a  point  nearer 
to  the  lens  than  the  principal  focal  length. 

Taking   the   general  formula  —  = ,  we  have  now  u 

V       f       u 

less   than  /,   and   therefore  —  greater   than  — ,  consequently 

— =  —  (  — — — )  a  negative  quantity;  which  shews  that  the  focus 
V  \  u       f  f 

of  the  emergent  rays  is  virtual,  and  q  falls  on  the  same  side  of 
the  lens  as  Q  .•  changing  the  sign  oiv,  we  have =— • 

Art.  G^.  To  adapt  the  standard  formula  to  the  case  of  con- 
verging pencils  incident  on  convex  lenses. 
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Since  the  pencils  converge,  or  Q  falls  on  the  opposite  side  of 
the  lens  to  the  standard  case,  we  must  take  u  negative,  and  the 
formula  becomes 

v     f      u 

Art.  67.  To  adapt  the  standard  formula  to  converging 
pencils  incident  on  concave  lenses. 

In  these  cases  we  have  both  u  and /negative,  and 

V  f       u 

which  shews  that  there  are  two  cases,  as  noticed  at  the  end  of 
Article  58. 

Art.  68.  To  trace  the  changes  in  the  corresponding  posi- 
tions of  the  conjugate  foci  for  a  convex  lens. 

Taking  the  formula  —  = ,  which  refers  to  the  figure  of 

V  f      u 

Article  57,  we  see  that 

ifM=QO  then— =—         .-.  v=f         and 

q  coincides  with  F, 

7     •••^^^      - 

q  lies  beyond  F  from  the  lens. 

q  and  Q  are  equally  distant  from  the  lens. 

0  .'.    «7  =  00 

q  lies  at  an  infinite  distance. 

—  "^      .'.  V  is— '^e     ... 

q  lies  on  the  same  side  of  the  lens  with  Q. 


„  u<co  >/    . .  .    -<_         .-.  v>f 


""  =  '-^  •••7=^        •••^  =  ^-^ 


)>u=f  ...   — =0  .'.  v=<X) 

V 


„  M>0</        ...     —  is  — ^e        .-.    «;  is  — -^e 

V 
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iftt=0 

then  —=00         .*.  »=0          and 

V 

q  coincides  with  Q  at  the  lens. 

„  u  is— ^c 

...   —  is+^e     .-.  V  is  +  ^«     ..  . 

V 

q  lies  on  the  original  side  of  the  lens. 
„w=-oo      ...    -=—         .*.»=/ 

«>    / 

q  is  at  the  principal  focus. 
We  see  that  Q  and  q  move  in  the  same  direction  and  coin- 
cide at  the  lens ;  on  either  side  of  this  point  they  separate  again. 
When  the  distance  of  Q  from  the  lens  is  2/,  the  distance  of  q  is 
the  same  on  the  opposite  side ;  this  is  their  minimum  distance 
when  on  opposite  sides  of  the  lens. 

Art.  69.  Prop.  To  express  the  distance  between  the  con- 
jugate foci  in  terms  of  the  focal  distance  and  the  distance  of  eitJwr 
of  them  from  the  lens. 

«.  11-1  fu 

omce  — = .♦.  v^=— — *  % 

V     f     u  w— /* 

fu 
and         M  +  ?7  =  distance  Qq=u  +  — — - 

u-f 


u-f 


= -,  by  a  similar  procedure. 


Cor.     — -= 7>or— =a/ — "^i  that  is,  the  distances  of 

^      «j— /'       V      V  ^— / 

the  conjugate  foci  from  the  lens  are  as  the  square  roots  of  their 

distances  from  the  principal  foci  on  their  respective  sides  of 

the  lens. 


ON  THE  OBLIQUE  REFRACTION  OF  SMALL  PENCILS  BY  LENSES. 

When  a  small  pencil  of  rays  falls  obliquely  on  a  refracting 
surface,  there  is  generally  confusion,  as  in  mirrors :  see  the  latter 
part  of  Chapter  III. ;  but  if  the  obliquity  is  small,  the  effect  is 
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SO  inconsiderable  that  it  may  be  neglected  in  problems  where 
we  only  take  first  approximations. 

Definition.  The  center  of  a  lens  is  the  point  where  a  line 
joining  the  extremities  of  two  parallel  radii  of  the  surfaces  cuts 
the  axis  of  the  lens. 

Art.  70.  Prop.  To  shew  that  the  center  of  a  lens  is  a  fixed 
pointy  and  that  it  is  within  the  double-convex  and  double-concave 
lenses;  upon  the  curved  surface  of  plano-convex  and  pla7io-con- 
cave  lenses ;  and  without  the  meniscus  and  concavo-convex  lenses. 

Let  0  and  (7  be  the  cen- 
ters of  the  first  and  second 
surfaces  of  the  lenses  in  the 
figures;  and  let  OP,  OH, 
be  any  pair  of  parallel  radii. 
Let  C  be  the  point  where 
the  line  joining  the  points 
P  and  H,  or  that  line  pro- 
duced, meets  the  line  00', 
or  the  axis  of  the  lens ;  then 
by  definition,  C  is  the  cen- 
ter of  the  lens. 

The  triangles  OOP, 
O  CR,  are  similar ;  and 

oc  _ac 

0P~OR 
Or,  putting  OP=r,  OR—s 
AB=^t,  as  before,  we  find 
in  the  double  -  convex  and 
double-concave  lenses 

tr  ^^       ts 


AC=. 


r-{-s 
in  the  meniscus, 
tr 


BC: 


r  +  s 


AC=: 


BC=. 


ts 


r—s  r — J 

in  the  concavo-convex, 

tr  „^       ts 


AC= 


BC: 


s- 
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These  expressions,  as  well  as  the  figures,  shew  us  that  C  is 
within  the  lens  in  the  two  first  forms,  and  without  in  the  two 
last.  The  distances  of  C  from  A  and  JB  depend  on  the  thick- 
ness of  the  lens  and  the  radii  of  its  surfaces,  but  are  independent 
of  any  particular  positions  of  the  points  P  and  R,  and  therefore 
are  constant. 

The  positions  of  C  for  either  of  the  latter  might  be  deduced 
from  either  of  the  first  forms,  by  taking  the  quantities  negative 
which  are  measured  in  a  contrary  direction  to  what  they  are  in 
the  standard  case. 

Putting  r=oo  for  a  plano-convex  or  plano-concave  lens,  we 
have  AC=t,  BC=0 

or  C  coincides  with  £,  the  point  where  tl\e  axis  of  the  lens 
meets  the  curved  surface. 

Art.  71.  Prop.  The  incident  and  emergent  rays,  corre- 
sponding to  a  rag  within  the  lens  whose  direction  passes  through 
the  center,  are  parallel ;  or  a  ray  passing  through  a  lens  zvhose 
direction  within  the  lens  passes  through  the  center  has  no  deviation. 

Let  SPRQ  be  the  course  of  a  ray  in  the  figures  of  the  last 
proposition.  Since  the  radii  OP,  OR,  are  parallel,  the  line  PR, 
or  the  dii'ection  of  the  refracted  ray  within  the  lens,  makes  equal 
angles  with  them ;  and  the  angles  of  incidence  and  emergence 
are  equal,  whichever  way  the  ray  passes ;  and  consequently  SPy 
QR,  are  parallel. 

We  see  that  there  is  a  lateral  displacement,  but  no  angular 
deviation  of  the  emergent  ray.  The  lateral  displacement  becomes 
-rzry  aTnall  for  a  thin  lens  when  the  obliquity  is  small;  so  that 
in  such  cases  we  may,  without  any  sensible  error,  consider  the 
incident  and  emergent  rays  to  be  in  one  straight  line  when  their 
direction  passes  through  the  center  ;  and  hence  the  foci  of  small 
oblique  pencils  must  be  in  this  line. 

Definition.  The  points  where  the  directions  of.the  inci- 
dent and  emergent  rays  cut  the  axis  of  the  lens  are  called  the 
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focal  centers.     If  jD  be  the  point  where  SF  cuts  OC/,  E  that 

where  QR  cuts  it,  we  find  AD= ,  BE  — nearly  for  all 

the  lenses. 

Art.  72.  Prop.  To  find  the  focus  of  the  emergent  rays 
when  a  small  pencil  of  parallel  rays  is  incident  obliquely  upon  a 
thin  double-convex  or  double-concave  lens. 


Let  0  and  0'  be 
the  centers  of.  the 
first  and  second  sur- 
faces respectively,  and 
C  the  center  of  the 
lens. 


Let  SC  be 
the  ray  of  the 
pencil  which 
passes  through 
the  center  C, 
and  emerges 
without  devia- 
tion ;  and  SP 
the  ray  which 

falls  perpendicularly  on  the  first  surface,  so  that  OP  is  its 
direction  in  the  lens.  The  focus  q'  of  the  rays  within  the  lens 
is  in  this  line.  Draw  the  line  qRO';  this  will  be  the  direction 
of  the  ray  which  passes  perpendicularly  through  the  second 
surface,  and  therefore  the  focus  of  the  emergent  rays  will  be 
in  this  line ;  and  being  also  in  the  line  SC,  will  be  at  their 
intersection  q. 

To  find  Cq,  the  distance  of  the  focus  from  the  center  of  the 
lens,  we  have,  as  in  Arts.  51  and  54, 

fi      fi-l 


At  the  second  refraction, 


Pq'        r 

fM   _M'~^        1 
'Eq~~~7s 


Rq 
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Since  the  pencil  is  supposed  small  and  the  lens  thin  compared 
with  the  radii  of  the  surfaces,  we  may  put  Pq=Rqy  and 
Rq=  Cq. 

~f 

Or  the  principal  foci,  for  small  pencils  but  little  oblique  to  the 
axis  of  the  lens,  are  in  a  circular  arc,  of  which  the  center  is 
the  center  of  the  lens,  and  the  radius  the  distance  of  the  prin- 
cipal focus  for  the  direct  pencil,  from  that  point. 

Cor.  The  same  method  will  apply  with  the  same  result  to 
the  meniscus  and  concavo-convex,  when  the  center  is  not  far 
from  tbf  Ions ;  and  also,  with  little  modification,  to  plano-convex 
;.ud  plano-concave  lenses. 

Conversely;  if  the  pencil  had  diverged  from  q  in  the  first 
figure,  or  converged  towards  q  in  the  second,  the  emergent 
pencil  would  have  consisted  of  paraUel  rays. 


Art.  73.  Prop.  To  find  the  conjugate  focus  when  a  small 
'pencil  of  diverging  rays  is  incident  obliquely  on  a  double-convex 
or  a  double-concave  lens. 

Let  Q  be  the 
focus    of   the 
incident  rays; 
O  and  a  the 
centers  of  the 
first  and  se- 
cond surfa- 
ces  respec- 
tively. 

Let  QP 

be  the  ray 
whose  di- 
rection passes  through  O,  and  therefore  enters  the  lens  without 
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deviation ;  the  focus  q  of  the  refracted  rays  within  the  lens  will 
be  in  this  line.  Join  g'',  O ;  the  ray  within  the  lens  which  has 
this  direction  will  emerge  at  R  without  deviation,  and  therefore 
the  focus  of  the  emergent  pencil  will  be  in  this  Kne  ;  but  it  is 
also  in  the  line  Q  C  passing  through  the  center  of  the  lens,  and 
is  consequently  at  their  intersection  q. 

To  find  the  distance  qC,  using  the  previous  notation,  we  have, 
as  in  Arts.  57  and  58, 

IL      ^-1_    1 


^'P        r      '  QP 
and  at  the  second  refraction, 

fjj      fi  —  1       1 
q'R~~     s         qR 
Or,  since  the  pencil  is  small  and  the  lens  thin,  we  may  put 
•q'P=qR,  QP=QC,  qR  =  qC 

This  expression  is  of  the  same  form  as  that  found  in  the 
respective  cases  for  direct  pencils.     Let 
qC=V2,  QC=U2 

1         1-1 

we  have  — —~r-\ 

which  may  be  adapted  to  all  other  cases,  of  converging  pencils 
and  other  forms  of  lenses,  as  was  done  with  regard  to  the  formula 
for  direct  pencils. 

Art.  74.     Prop.     To  find  the  principal  focus  of  a  refracting 
sphere. 

Let  O  be  the  center  of  the 

sphere,  of  which  the  radius  is  ^       ^_Np^ p 

r.     Let  SAOB  be  the  Tay  ^" 
which  passes  through  it  with-  f 
out  deviation ;  SP  a  ray  inci- 
dent at  P,  and  refracted  in 
PRy  of  which  the  direction  meets  SAOB  in  q\  the  focus  of  the 
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rays  after   the  first   refraction;   and  let  the  emergent  ray  Rq 
meet  SO  in  q,  the  focus  of  the  emergent  rays. 

The  triangle  POR  being  isosceles,  the  angles  at  P  and  R  are 
equal ;  or  in  a  sphere  the  angle  of  refraction  at  the  first  surface 
equals  the  angle  of  incidence  upon  the  second;  and  hence  the 
angle  of  incidence  always  equals  the  angle  of  emergence. 

In  the  triangles  g^PO,  q'Rq^ 

LPqO^LPOA-L^PO 

=  angle  of  incidence— angle  of  refraction 
= angle  of  emergence— angle  of  incidence 

on  the  second  surface 
=  L  qRq  ; 
therefore  the  triangle  q'Rq  is  isosceles,  or  q'q^=qR  and  ulti- 
mately qB=2.qB. 

Adding  A£=2B0  to  each  side,  we  have 
q£+AB=2£0  +  2qB 
or  qA=2qO 

=zJ^  from  Art.  40 ; 
/A-1 

.-.     qO-      ''' 


2(ji-l) 


If  fi  =  l  for  glass,  qO=^rf  or  the  principal  focus  lies  half  the 
radius  beyond  the  surface. 

If  fi =2,  qO=r,  and  q  coincides  with  B;  and  if /x  is  less 
than  2,  the  principal  focus  is  exterior  to  the  sphere ;  if  greater 
than  2,  it  is  within  it. 

Art.  75.  Prop.  To  find  the  relation  of  the  distances  of 
the  conjugate  foci  from  the  center  when  a  small  diverging  pencil 
is  incident  directly  on  a  sphere. 


COMBINED  REFRACTIONS  OF  HOMOGENEOUS  LIGHT.     93 


Let  Q  he  the  focus  of  the  incident  diverging  pencil,  q  the 
focus  of  the  refracted  rays  within  the  sphere,  and  q  the  focus  of 
the  emergent  rays.     Let  j40—r,  QO=p,  qO  =  q,  qO  =  q. 

From  the  triangles  QPO  and  qPO  we  have,  as  in  Art.  43, 
Q^_J_  q'A 


or 


or 


p — r_  1  /q'  +  r\ 

p   ~A  q   ' 

i_i-A    J_ 

r     p      f/,r     fx,q' 


At  the  second  refraction  similarly 

qO      /J'   q'O 

,                1111 
or  = ^ 

r      q      fir     fiq 

Adding  to  the  former,  we  find 

l_2(/^-l)      1 
P 


principal  focal  length. 


q  fir 

"/     P 


,   if  we  put  /  equal   the 


Art.  76.     Prop.     To  find  the  figures  of  the  lenses  of  ac- 
curate refraction  for  large  direct  pencils. 

When  the  incident  ^ 

pencil  consists  of  par- 
allel rays,  it  was  shewn 
in  Art.  37,  that  if  the 
first  surface  PAP' 
was  a  prolate  spheroid 
formed  by  the  revolu- 
tion of  an  ellipse  about  ' ""- "" 

A  A'  its  major  axis,  of  which  the  eccentricity  was  the  reqiprocal 
of  the  refractive  index ;  then  the  refracted  pencil  within  the 
medium  would  converge  accurately  to  the  further  focus  S.     If 
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witli  center  S  and  radius  SB  we  describe  a  spherical  surface  and 
form  the  convex-meniscus  PAPB,  every  ray  of  the  converging 
pencil  will  fall  upon  the  second  surface  perpendicularly,  and 
after  emergence  the  whole  pencil  will  accurately  converge  to  S. 

Reciprocally ;  if  a  pencil  diverge  from  S  and  fall  upon  the 
concave-meniscus  PAPB,  then  the  emergent  pencil  would  con- 
sist accurately  of  parallel  rays. 

When  a  diverging  pencil  falls 
upon  a  convex  surface  which  is 
an  hyperboloid  of  revolution,  the 
eccentricity  of  the  generating  hy- 
perbola being  equal  to  the  refrac- 
tive index,  if  the  point  from  which 
the  pencil  diverges  be  the  further  focus  of  the  hyperbola,  then 
the  rays  within  the  medium  will  be  all  parallel  to  the  axis  of 
the  hyperboloid,  as  shewn  in  Art.  38.  If  the  second  surface 
of  the  lens  be  a  plane  perpendicular  to  the  axis,  every  ray  of 
the  emergent  pencil  will  pass  through  it  without  deviation,  and 
will  therefore  consist  of  parallel  rays. 

Reciprocally ;  if  a  pencil  of  parallel  rays  falls  directly  on  a 
plano-convex  lens  of  which  the  second  surface  is  an  hyperboloid 
of  revolution  of  the  eccentricity  as  above,  the  emergent  pencil 
vrill  converge  to  thS  further  focus  of  the  generating  hyperbola. 

In  the  cases  of  accurate  refraction  at  spherical  surfaces,  as 
investigated  in  Art.  39,  we  might  have  lenses  formed  of  wbich 
the  second  surface  was  spherical,  vrith  the  center  at  the  focus  of 
the  refracted  rays,  and  the  emergent  pencil  would  diverge  ac- 
curately from,  or  converge  accurately  to,  that  point.  The  figures 
of  Art.  39  would  thus  give  a  concavo-convex,  and  a  convex 
meniscus,  respectively. 

ON  THE  IMAGES  FORMED  BY  SPHERICAL  SURFACES  OF  MEDIA, 
LENSES,  AND  SPHERES. 

Art.  77.  Prop.  To  find  the  image  of  an  object  produced 
hy  a  spherical  surface  of  a  medium,  the  object  being  a  concentric 
circular  arc. 
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Let  0  be  the  cen- 
t  er  of  the  spherical 
surface  PAF  of  the 
medium,  which  is 
convex  in  the  up- 
per and  concave  in 
the  lower  figure ;  and  let 
Q'  Q  Q"  be  the  object, 
which  is  a  circular  arc 
with  center  O.  If  we 
take  any  points  Q',  Q,  Q", 
and  draw  lines  through 
them  and  0,  the  respective  conjugate  foci  q\,  q,  q'2,  will  be,  by 
Arts.  43  and  44,  in  these  lines  as  in  the  figures ;  and  the  object 
being  everywhere  equally  distant  from  0,  the  various  conjugate 
foci  which  make  up  the  image  will  be  so  also,  and  the  image  will 
be  a  concentric  arc  q\  q'q'2  similar  to  the  object. 

The  image  is  real  and  inverted  in  the  first  figure,  and  virtual 
and  erect  in  the  second. 


The  other  cases,  for  other  distances  of  the  object  from  the 
surface,  may  be  investigated  in  the  same  manner;  and  pencils 
which  before  their  incidence  on  the  refracting  surface  were  con- 
verging to  form  an  image  will  give.  refracteeL  pencils  forming  a 
conjugate  image,  whose  form  and  position  will  be  easily  traced 
by  means  of  Arts.  45  and  46.  When  the  object  is  at  an  in- 
definitely great  distance,  the  image  is  at  the  distance  of  the 
principal  focus  from  0 ;  and  as  the  object  approaches  nearer, 
the  image  moves  in  the  same  direction ;  the  two  coinciding  at 
O  in  the  lower  figure,  and  at  the  surface  in  both  figures,  as  seen 
from  Art.  50. 


Art.  78.     Prop.     To  find  the  form  of  the  image  of  an  object 


which  is  a  concentric  cir- 
cular arc  produced  by  a 
convex  lens. 

~£,et  PCP  be  the  con- 
^  1x  lens,  and  let  Q'QQ" 
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be  the  object,  which  is  a 

circular  arc  with  center  C 

Let    Q'QQ"   be    beyond 

the  principal  focus  in  the 

first,  and  within  it  in  the 

second   figure ;    the    line 

through  the  points  Q,  C,  q^ 

being  the  axis  of  the  lens, 

and  Q,  q  conjugate  foci ;  * 

then  q  will  be  a  real  focus  in  the  first  and  a  virtual  one  in 

the  second  figure,  by  Arts.  57  and  G5\  and  we  have,  if /=the 

principal  focal  length, 

-Cq     f      CQ 

If  we  take  any  other  points  Q'  and  Q"  in  the  object,  and 
draw  lines  through  C  and  these  points,  we  shall  have  the  conju- 
gate foci  q'  and  q'  equally  distant  from  C  with  the  point  q,  by 
Art.  73 ;  or  the  image  q'qq  is  a  circular  arc,  having  C  for  its 
center ;  and  the  image  always  subtends  the  same  angle  at  the 
center  of  the  lens  which  the  object  itself  does. 

In  the  first  case,  as  in  the  figure,  the  image  is  always 
inverted ;  and  in  the  second  case,  it  is  always  erect :  the  mag- 
nitude of  the  image  is  to  the  magnitude  of  the  object  in  the 
ratio  Cq  to  CQ;  and  when  jeal,  may  be  either  greater,  equal  to, 
or  less  than,  the  object;  but  when  virtual,  is  always  greater, 
except  when  the  image  and  object  coincide  at  the  lens,  and  then 
are  equal. 

The  image  of  a  small  straight  line  placed  directly  before  the 
lens  may  be  considered  as  a  straight  line  similar  to  it,  erect  or 
inverted,  magnified  or  diminished ;  but  the  real  image  of  a  straight 
line  of  considerable  length  will  be  more  curved  than  that  of  a 
circular  arc,  since  for  points  Q  and  Q"  distant  from  the  axis  of 
the  lens,  the  distances  CQ  and  CQ"  increasing,  the  formula 
gives  Cq'  and  Cq"  diminishing.  For  this  reason,  the  real  image 
of  a  flat  object  cannot  be  received  distinctly  on  a  flat  screen ; 
but  to  be  seen  on  a  screen  most  distinctly,  tlie  scleen  muslsiiave 
the  same  curvature  as  the  image.  ^ 
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Art.  79.  Prop.  To  investigate  the  form  and  position  of 
the  image  produced  hy  a  concave  lens  of  an  object  which  is  a  con- 
centric circular  arc. 


Let  PCP'  be  the  concave 
lens,  and  Q'QQ"  the  object, 
which  is  a  circular  arc  with 
center  C;  Q  C  being  the  axis 
of  the  lens. 


The  focus  of  the  emergent 
rays  q,  which  is  conjugate  to 
Q,  is  given  by  Art.  58  from  the  formula 

cq  y^cQ 

where  we  see  that  Cq  must  always  be  less  than  CQ. 


Taking  other  points  Q!  and  Q"  in  the  object,  tlieir  conjugate 
foci  will  be  at  q'  and  q",  points  similarly  situated  in  a  circular 
arc  q'qq",  with  center  C  and  radius  Cq. 

The  image  is  evidently  similar  to  the  object,  erect,  virtual, 
and  diminished. 

The  figures  in  the  two  last  propositions  have  been  taken 
double  convex  and  double  concave  ;  but  the  same  method  applies 
to  the  other  forms  of  convex  and  concave  lenses  respectively. 

We  have  considered  the  object  to  be  entirely  in  the  plane  of 
the  figure;  but  it  is  evident  that  a  small  object  of  any  form 
placed  directly  before  a  lens  will  have  an  image  similar  to  it,  to 
or  from  the  different  points  of  which  the  rays  of  the  various 
pencils,  after  emergence,  will  converge  or  diverge  respectively. 

We  shall  see  in  Part  II.  that  when  the  object  is  large,  the 
different  parts  of  the  image  bear  different  ratios  in  magnitude  to 
the  corresponding  parts  of  the  object,  or  the  image  is  distorted. 

The  rays,  after  emerging  from  a  lens,  may  fall  on  another 

H 
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lens,  and  an  image  of  the  first  image  will  be  formed  in  the  same 
way.  When  the  first  lens  is  convex,  and  the  object  beyond  the 
principal  focus,  the  emergent  rays  will  fall  in  a  state  of  con- 
vergence on  another  lens  placed  near  it,  and  the  primary  image 
will  be  virtual  to  the  second  lens.  The  secondary  image,  or  that 
formed  by  the  pencils  which  emerge  from  the  second  lens,  will 
be  real  when  the  second  lens  is  also  convex  ;  but  may  be  either 
real  or  virtual  when  it  is  concave,  as  will  be  seen  in  the  proposi- 
tion for  finding  the  focal  length  of  a  combination  of  lenses. 

Art.  80.  Prop.  To  find  the  focal  length  of  a  number  of  thin 
lenses  in  contact^  and  the  nature  of  the  image  produced  by  them. 

Let  Cj  be  the  center  of  the  A  A  A 

first  lens,  on  which  a  pencil  --rrr-.^jggsg'nTn 

of  parallel  rays  falls  directly,    ^  ""         •^"-----•----.^ssss^^  'ij 
and  Fi  its  principal  focus ;  let  ^  ^  \l 

c^  be  the  center  of  the  second  lens,  on  which  the  pencil  con- 
verging to  Fy  is  incident,  and  g.^  the  focus,  to  which  the  rays 
emerging  from  it  converge ;  let  c^  be  the  centre  of  the  third  lens, 
on  which  the  pencil  converging  to  q^  falling,  the  emergent  rays 
converge  to  q^,  which  is  the  principal  focus  of  the  combination. 

We  suppose  the  lenses  to  be  so  thin  and  placed  so  close  toge- 
ther, that  we  may  neglect  the  distance  c^,  C3,  in  comparison  of 
the  focal  lengths.  Let  /i,  f^,  f^,  be  the  principal  focal  lengths 
of  the  lenses  Cj,  c^,  C3,  respectively,  and  let  i?'=  035-3 =61^3 
nearly,  the  focal  length  of  the  combination. 


and 


From  Art. 

66 

we  have 

1 

=  1+1 

1 

1         1 

^3<l3 

fz        ^3.^2 
11          1 

1 
""f 
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or, 


^^(7) 


F    -\f. 
which  we  may  suppose  continued  to  any  number  of  lenses. 

If  any  of  the  lenses  were  concave,  their  focal  lengths  would 
be  negative,  and  in  the  summation  must  be  taken  with  their 
proper  signs ;  so  that  F  being  the  focal  length  of  the  single  lens, 
which  is  equivalent  to  the  combination,  it  will  be  positive  or 
negative,  or  will  be  the  focal  length  of  a  convex  or  concave  lens 

respectively,  as  the  sum  S{-j)  is  positive  or  negative. 


fL 


1 


If  we  call  — ,  or  the  reciprocal  of  the  focal  length,  the  power 

of  a  lens,  the  proposition  shews  us  that  the  power  of  a  combina- 
tion of  any  number  of  thin  lenses  in  contact,  equals  the  sum  of 
the  powers  of  the  separate  lenses.  The  image  of  an  object 
formed  by  the  combination  will  be  the  same  in  position  and 
magnitude  as  would  be  formed  by  a  lens  whose  focal  length  is 
F;  and  if  u  and  v  were  the  distances  of  conjugate  foci,  using  the 
standard  formula, 

1=1-1 

V  ~F     u 


=H^-l-- 


Art.  81.     Prop.     To  find  the  focal  length  of  the  lens,  which 
is  equivalent  to  tivo  lenses  separated  hy  a  given  interval. 


Let  C  be  the  single 
lens,  which  is  equivalent 
to  the  two  Ci  and  c^, 
whose  distance  is  d. 


The  lens  C  must  have 
the  same  effect  in  causing 
a  small  direct  pencil  of 
parallel  rays  to  con- 
verge, which   the  combination  has ;   or  a  ray  falling  upon   it 
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at  the  same  distance  from  the  axis  must  after  emergence  con- 
verge to  the  a^is  at  the  same  angle  which  a  like  ray  does  after 
emergence  from  the  second  of  the  two  lenses  ;*that  is,  if  g'j  be 
the  principal  focus  of  Cj,  and  q^  the  point  to  which  the  pencil 
finally  converges,  Sahq^  being  the  path  of  any  ray,  the  angle 
hq^c^i  at  which  tlie  ray  meets  the  axis,  must  equal  the  angle 
AFCf  at  which  a  like  ray  SAF  meets  the  axis  of  the  single  lens. 

Let  /i  and  /g  be  the  focal  lengths  of  the  lenses  Cy  and  Cg 
respectively,  i^  that  of  the  lens  C,  and  AC=acy  the  distance  of 
the  like  rays  from  the  axis,  which  is  very  small ;  we  must  have 

AC^  bc^ 

^AC 

~/i 

...       i  =  _il£2_ 

"    F     fy  .c^q^ 
and  9\^i=f\—^ 


but 


^    =l^.^_^by  Art.  66. 


^292    /2     f\-d 

.    ...  i=/^^(i+_L_) 

_fi+f2-d 

f\f2 

We  see  that  the  power  of  the  combination  diminishes  as  the 
distance  of  the  two  lenses  is  increased,  and  that  it  is  greatest 
when  they  are  in  contact.  This  formula  is  of  great  use  to  enable 
us  to  find  the  magnifying  power  of  an  optical  instrument  with 
a  double  eye-piece,  when  its  power  with  a  single  eye-glass  has 
been  determined. 

The  same  result  is  found  when  we  make  the  condition  of 
equivalence  to  be,  that  the  combination  of  two  lenses  and  the 
single  one  give  equal  images  of  a  distant  small  object.     The 
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image  at  F  in  the  lower  figure  subtends  the  same  angle  at  C  that 
the  object  does,  which  is  also  the  same  angle  that  the  primary 
image  at  5-1  in  the  upper  figure  subtends  at  c-y. 

Again,  the  secondary  image  at  g'2  subtends  the  same  angle  at 
C2  which  the  primary  at  q-^  does ;  and  we  must  also  have  the 
magnitude  of  the  image  at  q^  equal  to  that  of  the  image  at  F. 
From  these  conditions  the  formula  above  is  easily  obtained. 

Art.  82.  Prop.  To  find  the  form  and  position  of  the  image 
of  an  object  which  is  a  concentric  circular  arc,  formed  by  a  refract- 
ing sphere. 

Let   C  be  the  center    f 
of  the  sphere,  and  Q'  Q  Q"    J 
the  object,  which  is  a  cir-  f  | 
cular   arc,    whose    center 
is  also  the  center  of  the  ^---_L-^'  ^~~^^q" 

sphere ;  the  foci  q'qq"  conjugate  to  Q'QQ"  will  be  in  lines  drawn 
from  those  points  througli  C,  and  all  equally  distant  from  it,  or 
in  a  circular  arc  q'qq  " ,  which  is  similar  to  Q'  Q  Q". 

The  image  is  real  and  inverted ;  and  for  the  ratio  of  its  mag- 
nitude to  that  of  the  object  we  have 

Q'Q"     QC 

The  sphere  has  an  advantage  over  a  convex  lens  in  having 
each  pencil  direct,  however  large  the  object  may  be  ;  and  these 
direct  pencils  may  be  made  to  be  all  small,  by  having  a  groove 
cut  round  the  sphere  in  a  plane  passing  through  the  center,  as 
represented  in  the  figure  by  the  dark  lines  drawn'^from  the  cir- 
cumference towards  C ;  or  by  having  the  portion  within  the  angle 
between  the  dotted  lines  ground  away.  Excellent  pocket-mag- 
nifiers of  the  latter  form  are  sold  in  the  opticians'  shops,  under 
the  names  of  Stanhope's  or  Coddington's  lenses. 

When  the  object  is  placed  nearer  to  the  sphere  than  its  prin- 
cipal focus,  the  image,  as  in  a  convex  lens,  is  virtual,  erect,  and 
magnified. 
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EXAMPLES  ON  CHAPTERS  V.  AND  VI. 

Ex.  1.  If  a  pencil  of  diverging  rays  incident  on  a  convex 
surface  of  a  medium  is  refracted  to  a  focus  equally  distant  from 
the  surface  with  the  focus  of  the  incident  rays,  but  on  the  oppo- 
site side  of  it,  then  the  radius  of  the  surface  equals  -^ — —-  x 
distance  between  the  conjugate  foci. 

Ex.  2.  If  the  focus  of  the  refracted  rays  is  twice  the  dis- 
tance from  the  convex  surface  of  a  medium  with  that  of  diverging 
incident  rays,  when  they  are  both  on  the  same  side  of  it ;  shew 
that  the  focus  of  the  incident  rays  is  distant  from  -the  surface 
(2— yu,)  X  radius 

Ex.  3.  Investigate  directly  the  formula  for  a  converging 
pencil  incident  on  a  concave  refracting  spherical  surface ;  and 
shew  that  there  will  be  two  cases. 

Ex.  4.  Assuming  the  formula  for  a  diverging  pencil  incident 
on  a  concave  spherical  refracting  surface,  deduce  from  it  the 
two  cases  of  diverging  pencils  incident  on  a  convex  surface. 

Ex.  5.  From  any  case  of  a  diverging  pencil  incident  on  a 
spherical  surface,  deduce  the  formula  for  a  pencil  of  rays  diverg- 
ing from  a  point  within  the  medium,  and  emerging  directly  from 
a  concave  surface. 

Ex.  6.  From  the  result  of  the  last  question,  deduce  the 
relation  of  tl^  apparent  depth  of  a  point  seen  directly  below 
the  surface  of  a  fluid,  compared  with  its  real  depth. 

Ex.  7.  Shew  that  the  result  for  a  pencil  diverging  from  a 
distant  point,  and  incident  upon  a  convex  surface  of  a  dense 
medium,  can  be  obtained  by  taking  the  pencil  as  coming  the 
contrary  way,  and  incident  on  a  concave  surface  of  a  rare  medium, 

with  the  refractive  index  —  from  the  dense  into  the  rare  medium. 
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Ex.  8.  Trace  the  corresponding  changes  of  position  of  the 
conjugate  foci  for  a  concave  refracting  spherical  surface. 

Ex.  9.  Investigate  directly  the  distance  of  the  focus  of  the 
incident  rays  -when,  a  small  pencil  passing  directly  through  a 
double  convex  lens,  the  emergent  rays  are  parallel. 

Ex.  10.     Prove  directly  the  formula  —  =  ~ [-—for  a  con- 

V         r         u 

cavo-plane  lens  and  diverging  incident  pencil. 

Ex.  11.     Prove  the  formula —=  (ti—l)] [  +—  fpi^  a 

V  ^r       s }       u 

converging  pencil  refracted  by  a  convex  meniscus. 

Ex.  12.  Find  directly  the  conjugate  focus  when  a  small 
pencil  of  diverging  rays  is  incident  obliquely  on  a  plano-convex 
and  a  concavo-plane  lens. 

Ex.  13.  Prove  directly  that  the  center  of  a  plano-convex 
lens  is  upon  the  curved  surface. 

*Ex.  14.  When  an  object  is  placed  before  a  convex  lens  at 
H  times  the  focal  length  from  it,  shew  that  the  image  is  twice 
the  linear  dimension  of  the  object ;  and  if  the  object  is  at  three 
times  the  focal  length  from  the  lens,  the  image  is  one-half  the 
linear  dimension  of  it. 

Ex.  15.  Shew  that  the  image  of  the  sun  formed  in  the 
focus  of  a  burning-lens  has  its  diameter  directly  proportional  to 
the  focal  length  of  the  lens. 

Ex.  16.  The  image  of  a  heavenly  body  being  formed  in  the 
principal  focus  of  a  convex  lens,  a  plane  mirror  is  placed  per- 
pendicular to  the  axis  l^  times  the  distance  of  the  image  from 
the  lens ;  shew  that  a  second  image  will  be  formed  by  the  re- 
flected light  on  the  opposite  side  of  the  lens,  of  the  same  linear 
dimension  as  the  first. 

Ex.  17.     Investigate  the  form  and  position   of  the   image 
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when  an  object  is  placed  nearer  to  a  refracting  sphere  than  the 
principal  focus. 

Ex.  18.  If  two  thin  lenses,  the  one  convex,  and  the  other 
concave,  be  placed  close  together,  and  the  focal  length  of  the 
concave  is  twice  that  of  the  convex ;  shew  that  the  focal  length 
of  the  combination  is  twice  that  of  the  convex  lens. 

Ex.  19.  Shew  that  two  convex  lenses,  of  one  inch  focus 
each,  separated  by  a  distance  of  f  an  inch,  are  equivalent  to  a 
single  lens  of  §  of  an  inch  focus ;  and  if  close  together,  they  are 
equivalent  to  a  single  lens  of  h  inch  focal  length. 

Ex.  20.     A  meniscus,  of  which  the  radii  of  the  surfaces  are 

1  and  2,  is  placed  in  contact  with  a  concavo-convex,  of  which 

the  radii  of  the  surfaces  are  1  and  3 ;  shew  that  the  combination 

is   equivalent  to  a  concave  lens   of  which  the  focal  length  is 

6' 


CHAPTER  VII. 


ON  CHROMATICS. 


In  the  Introductory  Chapter  it  was  stated  that  the  refractive 
index  is  different  for  different  colours  of  light  with  the  same 
medium. 

The  analysis  of  a  beam  of  the  sun's  light  by  a  prism  was  the 
experiment  by  which  Sir  Isaac  Newton  demonstrated  his  great 
optical  discovery  of  the  unequal  refrangibility  of  the  variously 
coloured  rays. 

If  we  let  a 
beam  of  the  sun's 
light  enter  a  dark 
room  through  a 
small  hole  in  the 
window  -  shutter, 
as  at  a  in  the 
figure,  and  whilst 
it  remains  uninterrupted,  if  we  receive  it  upon  a  screen,  such  as 
a  piece  of  white  card,  we  have  a  bright  circle  S,  which  subtends 
at  a  about  32  minutes  of  a  degree,  which  is  the  sun's  apparent 
diameter.  If  now  we  interrupt  the  beam  by  a  prism  as  ABC, 
we  have  the  direction  of  it  changed  by  the  refraction  of  the 
prism ;  but  instead  of  a  luminous  circle,  like  that  at  S,  which, 
by  the  deviation  produced  by  the  prism,  is  seen  in  a  new  posi- 
tion, we  have,  upon  a  screen  DEi,  an  oblong  spectrum  rv,  of  which 
the  length  is  many  times  the  breadth,  and  which  is  coloured  red 
at  r  the  lowest  point,  and  violet  at  v  the  highest ;  the  interme-" 
diate  parts  shading  gradually  from  red,  through  "orange,  yellow, 
green,  blue,  indigo,  to  violet. 

The  prism  must  be  turned  round  its   edge   backwards  and 
forwards,  until  the  spectrum  rv  is  got  into  its  lowest  position. 
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when  the  deviation  of  the  middle  rays  is  a  minimum ;  and  they 
make  equal  angles  with  the  prism  at  incidence  and  emergence. 

If  through  a  small  hole  in  DE  we  allow  a  stream  of  the 
coloured  light  to  fall  upon  another  prism  as  F,  we  find  that 
it  imdergoes  a  deviation  in  direction,  but  is  not  at  b  again 
extended  into  an  oblong  spectrum ;  for  its  colour  and  figure 
remain  very  nearly  as  they  would  if  they  had  not  passed  through 
the  prism  F. 

From  this  we  conclude  that  the  spectrum  rv  has  its  length- 
ened form  from  the  different  deviation  of  differently  coloured 
rays  ;  the  red  rays  having  the  least  deviation  and  the  least  value 
of  the  refractive  index,  and  the  violet  rays  the  greatest  deviation 
and  the  greatest  value  of  /a. 

The  spectrum  rv,  produced  in  the  manner  just  described,  has 
never  the  colours  completely  separated  ;  for  we  must  consider  it 
as  an  assemblage  of  circles  of  the  magnitude  of  S,  of  each  dif- 
ferent shade  of  colour  overlapping  each  other.  To  produce  a 
purer  spectrum, 
we  must  have 
a  narrow  line 
of  light  at  a, 
as,  for  instance, 
the  light  of  the 
sun  shining  be- 
tween the  edges 
of  two  knives, 
each  parallel  to 
the  edge  of  the 
prism  ^jBC,  and 

very  near  together :  by  placing  a  convex  lens  as  at  P  directly  in 
the  light,  we  have  images  of  the  line  at  a  produced  in  each  shade 
of  colour  at  the  conjugate  focus  as  q  for  each ;  but  when  the 
prism  ABC  is  interposed  in  the  position  for  minimum  deviation, 
each  of  the  images  of  the  line  at  a  having  a  different  deviation, 
the  spectrum  rv  is  now  made  up  of  narrow  lines  as  at  q ,  where 
the  rays  of  some  particular  shade  are  brought  to  a  focus.  By 
looking  attentively  at  a  spectrum  produced  in  this  manner,  we 
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see  that  there  are  numerous  dark  bars  across  it,  which  are  either 
deficient  or  much  weaker  shades  in  the  gradual  progression  from 
red  through  the  intermediate  colours  to  violet. 

The  method  of  trying  the  experiment  as  in  the  figure  was 
used  by  Sir  Isaac  Newton ;  and  with  a  good  prism  and  a  lens  of 
a  few  feet  focal  length,  many  lines  can  be  seen  thus  on  a  screen 
of  card  ;  but  after  an  imperfect  notice  of  some  of  them  by  Dr. 
Wollaston,  the  full  discovery  of  their  great  number  and  fixed 
positions  in  the  solar  spectrum  was  made  by  Fraunhofer  with 
the  fine  prisms  of  the  manufactory  at  Munich  with  wliich  he 
was  connected. 

From  their  discoverer  these  dark  lines  in  the  spectrum  are 
called  the  fixed  lines  of  Fraunhofer;  they  exist  in  the  light  of 
the  moon  and  planets  as  in  that  of  the  sun;  but  Fraunhofer 
discovered  that  in  the  light  of  the  fixed  stars  they  are  difierent, 
and  are  also  different  in  each  different  kind  of  artificial  light. 

•  By  taking  away  the  screen,  and  viewing  the  spectrum  of  the 
preceding  experiment  in  the  air  by  means  of  a  magnifying  eye- 
glass, an  exceedingly  great  numbi«.r  of  the  fixed  lines  can  be 
very  well  seen  ;  but  the  method  of  experimenting  with  the  prism 
attached  to  a  telescope,  which  was  used  by  Fraunhofer,  is  much 
more  convenient. 

A  telescope  AB,  which  need  not  be  achromatic,  nor  more 
than  two  feet  long,  but  which  must  be  supported  on  a  convenient 


stand,  is  to  be  set  accurately  to  the  focus  for  seeing  the  line  of 
light  at  a,  which  should  be  as  distant  as  possible,  before  the  prism 
is  put  into  its  place. 

0 

♦* 

The  prism  need  not  contain  so  much  as  a  cubic  inch  of  glass ; 

but  it  must  have  its  two  refracting  faces  accurately  fiat  and  well 
polished,  which   is  of  more  consequence  than  the  glass  being 
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free  from  blebs  and  striae :  being  attached  to  a  support,  fitting 
on  the  end  of  the  telescope,  so  that  the  axis  of  the  telescope  is 
at  the  angle  of  minimum  deviation  with  the  prism  for  the  green 
or  middle  rays  of  the  spectrum,  the  telescope  is  to  be  turned  so 
that  the  rays  from  the  line  of  light  at  a  fall  upon  the  prism  at 
the  angle  of  minimum  deviation  in  the  same  perpendicular  sec- 
tion of  the  prism  with  the  axis  of  the  telescope ;  and  then  the 
Fraunhofer  spectrum  will  be  seen  in  the  common  focus  of  the 
eye-glass  and  object-glass.  The  plane  of  refraction  aBA  may 
be  any  that  is  convenient,  as  horizontal,  vertical,  or  inclined; 
but  in  every  case  the  line  of  light  must  he  parallel  to  the  edge 
of  the  prism,  and  the  axis  of  the  pencil  must  pass  through  it  in 
a  perpendicular  section. 

The  annexed  diagram  may  serve  to  give  an  idea  of  the  ap- 
pearance of  some  of  the  lines  of  the  spectrum,  and  to  shew  the 
positions   of  those   which,  after  Fraunhofer's   designation,   are 


Orange.  Yell.   Green 


Indigo. 


Violet. 


called  the  lines  A,  a,  B,  C,  D,  E,  b,  F,  G,  H,  of  the  spectrum : 
being  each  always  in  the  same  shade  of  colour,  they  serve  to 
determine,  with  the  greatest  precision,  the  part  to  which  a  given 
refractive  index  belongs ;  and  to  shew  the  exact  effect  of  dif- 
ferent media  in  dispersing  the  different  parts  of  the  spectrum. 
The  ordinates  from  the  horizontal  to  the  curve  line  at  the  upper 
part  of  the  figure  shew  the  intensity  of  the  light  at  each  part  of 
the  spectrum. 

Sir  Isaac  Newton  concluded,  from  insufficient  experiments, 
that  all  media  dispfersed  the  colours  of  the  spectrum  in  the  same 
proportion  as  they  refracted  them  ;  but  Mr.  Hall,  and  after- 
wards, about  the  year  1757,  Mr.  DoUond,  discovered  that  in 
nearly  all  media  the  dispersion  bears  a  different  ratio  to  the 
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refraction.  It  has  since  been  recognised  that  every  medium 
refracts  the  different  parts  of  the  spectrum  in  a  peculiar  manner, 
giving  rise  to  what  is  called  the  irrationality  of  dispersion  :  thus, 
with  a  hollow  piwiij  as  mentioned  after  Art.  31,  filled  with 
essential  oil  of  turpentine,  it  is  found  that  the  violet  end  of  the 
spectrum  is  much  rnore  extended  in  proportion  to  the  other 
parts  than  with  a  glass  prism  ;  and,  on  the  contrary,  if  it  is  filled 
with  sulphuric  acid,  that  the  red  end  is  more  extended  in  pro- 
portion to  the  other  parts.  Although  m  a  less  degree,  the  same 
holds  for  different  kinds  of  glass,  and  offers  a  serious  impediment 
to  perfecting  the  achromatic  telescope. 

It  was  shewn  by  Sir  Isaac  Newton  that  when  the  colours  of 
the  spectrum  were  compounded  again,  they  reproduced  white 
light ;  but  the  presence  of  all  the  colours  is  not  necessary  for 
this  end,  as  any  pair  of  complementary  colours,  or  such  as  are 
taken  from  what  may  be  called  opposite  parts  of  it  when  arranged 
as  a  circle,  are  sufficient :  thus  red,  with  an  appropriate  tint  of 
green,  produces  white  light,  orange  with  blue,  yellow  with  vio- 
let, &c. 

In  adopting  a  measure  of  the  dispersion  of  media,  we  must 
take  it  in  conjunction  with  the  refraction ;  and  the  diffbrence  of 
the  deviations)  for  any  two  fixed  rays  of  the  spectrum,  divided 
by  the  mean  deviation,  is  called  the  dispersive  power  of  the 
medium  for  those  rays. 

In  Article  34  it  was  shewn  that  if  a  be  the  refracting  angle 
of  a  prism,  fx,  the  refractive  index,  d  the  deviation  ;  then,  when  a 
is  small,  and  the  pencil  passes  nearly  directly  through  the  prism, 
we  have 

d=i  (ji—\)oi. 

Let  rfj  and  /a^  be  the  deviation  and  refractive  index  for  some 
fixed  ray  of  the  spectrum,  d^  and  ix,^.  those  for  another  fixed  ray, 
and  d  and  jm  those  for  the  ray  which  is  the  mean  between  them. 

Then  d^={fjb-^  —  \)  u 

d  ■=  {fi  —V)  a. 
Subtracting  the  first  of  these  expressions  from  the  second,  and 
dividing  the  result  by  the  third,  we  have 
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d  A*-"! 

or,  more  concisely,  we  have  the  dispersive  power  of  the  medium 

B  fJi  . 

for  these  rays  = r,  for  which  we  frequently  write  the  letterjp. 

From  what  was  said  of  the  irrationality  of  the  dispersion,  it 
will  be  seen  that  this  simple  expression  can  never  be  more  than 
an  approximation ;  but  if  we  suppose  fi^  and  fi2  to  correspond  to 
the  fixed  lines  D  and  i^of  the  spectrum  in  the  nearly  complemen- 
tary colours  orange  and  blue,  comprising  between  them  all  the 
brightest  part  of  the  spectrum,  the  dispersive  power  so  expressed 
vvdll  give  results  in  the  various  propositions  as  accurate  as  can 
be  applied  in  the  construction  of  the  usual  optical  instrimients. 

Art.  83.  Prop.  To  investigate  the  construction  of  an 
achromatic  prism  formed  of  two  prisms  of  given  media. 

By  an  achromatic  prism,  we  mean  one  which  produces  a 
deviation  of  a  pencil  of  white  light,  but  does  not  separate  the 
variously  coloured  rays. 

Let  di,  d^,  /J'l,  f^2*  ^^  ^^^  deviations  and  refractive  indices  for 
the  two  fixed  rays,  and  /a  the  mean  refractive  index  in  the  prism, 
of  which  the  refracting  angle  is  u,  and  ^j,  d^^,  fj,\,  fju'^,  «',  the 
same  quantities  respectively  for  the  other 
prism.  Since  the  dispersions  of  the 
prisms  are  to  neutralise  each  other, 
they  must  be  equal  and  opposite,  and 
the  refracting  angles  must  be  turned  in 
opposite  directions,  as  in  the  figure ; 
that  is,  we  must  have 

d^ — d^=^a 2 — a  \ 


or. 


(/^2-/^l)«=  {/2-/^'l)  «' 


multiplying  and  dividing  by  /*— 1  and  fi^—l. 
•  II— \  fi  —I 
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Ill 


or. 


8fi 
fj'—l    /"-'  —  I 


/.-I 

if  we  put  p  and  ^'  for  the  dispersive  powers  respectively. 

From  this  formula  the  refracting  angle  of  either  of  one  of 
the  prisms  can  be  found  when  that  of  the  other  and  the  refrac- 
tive indices  and  dispersive  powers  are  known. 

It  will  be  seen  that  there  is  always  a  small  lateral  displace- 
ment, although  there  is  no  angular  separation  of  the  colours. 

If  the  angles  of  the  prisms  were  large,  we  might  obtain  a 
theoretically  more  correct  formula ;  but  from  what  has  been  said 
of  the  irrationality  of  the  spectrum,  it  will  be  seen  that  a  per- 
fectly achromatic  prism  is  unattainable. 

Art.  84.  Prop.  To  find  the  longitudinal  dispersion  and 
the  least  circle  of  chromatic  dispersion  in  a  given  lens. 


Let  Q  be  the 
focus  of  the  in- 
cident rays,  q^ 
that  of  the  re- 
fracted rays,  for 
which  the  re- 
fractive index  is 
//-I,  and  q^  that 
for  which  it  is 
fi^'i  and  QC=u, 


^2> 


and   fi   the 


mean  refractive  index.  If  r  and  s  be  the  radii  of  the  first  and 
second  surfaces  of  the  lens  respectively,  we  have  from  Arts. 
57  and  58, 
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-  =  (/..-i){Ji:-l+- 

f  2  '         '  ^  ^  S  )         U 

Subtracting  the  first  from  the  second, 

y^-l  */ 

Now  v-y—v^  is  the  decrease  of  the  focal  distance  correspond- 
ing to  the  increase  fi^—f^i  of  the  refractive  index ;  therefore 
putting  it  =—Sv,  and  p  the  dispersive  power;  also  Vi.V2  =  v'^, 

we  have  —Bv  =  ^-—-y  which  is  the  longitudinal  dispersion. 

In  the  figures,  ab,  the  diameter  of  the  least  circle,  into  which 
all  the  rays  are  collected,  is  nearly  equally  distant  from  q^  and 
q2,  and  is  the  diameter  of  the  least  circle  of  chromatic  dispersion 
to  be  found. 

Let  CP=y,  the  half-aperture  of  the  lens. 


By  similar  triangles. 


_y.  hv 


or,  ah-- 


pvy    , 
=  -^ —  the  diameter  required. 

Art.  85.     To  fiind  the  condition  of  achromatism  in  two  thin 
lenses  placed  in  contact. 

From  Art.  80  we  have  -  =  5'(-t) ;  and  the  condition  of 
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achromatism  i*s  that  v  remains  the  same  for  all  colours,  that  is, 
whilst  the  refractive  indices  are  changed. 

Let  /  and  f  be  the  foci  j^  the  lenses,  of  which  r  and  s,  r 
and  /  are  the  radii  of  the  sumces,  ja  and  p'  the  dispersive  powers 
respectively,  and  fju  and  fi  the  mean  refractive  indices  ;  we  have, 
using  the  same  notation  as  before, 

V  '^  '        '  I  r      si       ^    '        ^  Lr       si       u 

V  ^       '  I  r      si  '  \  r       si       11 
subtracting, 

^={^^2-H'^)  [\^\]  +(/^'2-/^'i)  {7  +7} 
hjj,      1  hjjb      1 


This  equation  shews  us  that  one  of  the  focal  lengths  must 
be  negative  and  the  other  positive,  since  p  and  p'  ai'e  always 
positive ;  or,  one  of  the  lenses  must  be  convex  and  the  other 
concave.  Let  /'  be  the  focal  length  of  the  concave  lens,  and 
let  F  be  the  focal  length  of  the  combination ; 

1       1       1 

then     ^       ^       ^     ^,=^-^ 

And  if  the  combination  is  to  act  as  a  convex  lens,  we  must  have 
F  a  positive  quantity,  and 

1       1 

or  /</-  :'     ,.     *' 

that  is,  the  convex  lens  must  be  of  the  shortest  focus  or  greatest 
power. 

Also,  ^'"f~f' 

which  shews  us  that  p  must  be  less  than  p',  since  /  is  less  than 
/',  or  the  concave  lens  must  be  of  the  higher  dispersive  power. 

I 
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An  achromatic  convex  lens,  there- 
fore, will  be  as  in  the  figure,  and  may 

be  used  to  form  real  images  of  distant   

objects. 

In  practice,  the  convex  lens  is  made 
of  plate  or  crown  glass,  and  the  concave  of  the  higher  dispersing 
flint  glass,  in  nearly  all  the  object-glasses  of  the  achromatic  tele- 
scopes. 

Art.  86.  Prop.  To  investigate  the  conditions  of  achroma- 
tism in  a  triple  lens. 

Let  /,  /',/"  be  the  focal  lengths  of  the  three  lenses;  p,  p,  p" 
the  dispersive  powers  of  the  media  of  which  they  are  composed. 
The  general  formula  for  a  number  of  thin  lenses  in  contact 


-Mr)-- 


f' 

11111 

becomes  -  = -^r  +  -77  + -777 

^      f       f       f        u 

Since  v  is  to  remain  the  same  for  rays  of  all  colours,  proceed- 
ing as  in  the  last  Article,  we  find, 

which  shews  us  that  either  two  of  the  lenses  must  be  convex  and 
the  other  concave,  or  otherwise  two  concave  and  the  other  con- 
vex. If  one,  as/',  be  negative,  and  the  other  two  focal  lengths 
be  positive,  that  of  the  combination  being  F,  we  have 

--i-i-      — 

If  the  combination  is  to  be  essentially  convex,  we  must  have 
i^ positive;  but  the  two  equations  (1)  and  (2)  can  be  satisfied  in 
an  indefinite  number  of  ways;  so  that  the  condition  may  be 
established,  that  other  rays  which  in  the  double  lens  left  a  resi- 
dual or  secondary  spectrum  from  the  irrationality,  may  be  now 
brought  to  one  focus. 
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Although  the  triple  object-glass  has  theoretically  an  advan- 
tage over  the  double  one,  yet  it  is  now^  very  rarely  made,  the 
additional  errors  of  workmanship  counterbalancing  the  small 
advantage  to  be  gained.  The  double  object-glass  is  found  to 
shew  minute  objects,  as  small  fixed  stars,  most  distinctly  when 
the  secondary  spectrum  exhibits  itself  as  a  faint  purplish  or 
wine-coloured  tint  around  the  star. 

In  Art.  85  it  was  seen  that  the  conditions  of  achromatism 
were  fulfilled  if  the  focal  lengths  and  dispersive  powers  had  a  cer- 
tain relation ;  but  the  focal  lengths  may  remain  the  same,  whilst 
the  radii  of  the  surfaces  of  the  lenses  are  indefinitely  changed ; 
hence  these  radii  may  be  so  taken  that  the  aberration  of  the 
convex  lens  shall  be  destroyed  by  the  opposite  aberration  of  the 
concave  one  ;  the  lens  is  then  said  to  be  aplanatic  as  well  as 
achromatic,  and  such  a  lens  used  as  the  object-glass  of  a  tele- 
scope will  bring  a  large  peticil  of  incident  rays  very  accurately 
to  a  focus. 

Achromatic  spheres  and  eye-lenses  are  easily  made  for  com- 
mon purposes  by  fixing  two  equi-convex  lenses  with  a  thin  film 
of  Canada  balsam  between  the  central  parts  of  them.  Canada 
balsam  having  the  same  refractive  power  as  common  glass,  and 
nearly  double  the  dispersive  power,  the  concave  of  it  between 
the  two  convex  lenses  is  nearly  sufficient  to  achromatise  them  ; 
and  the  combination  is  much  superior  as  a  single  magnifier  to  a 
single  convex  lens. 

Art.  87,     To  explain  the  principle  of  achromatic  eye-pieces. 

The  principle  by  which  the  achromatism  in  the  eye-pieces  of 
telescopes  and  microscopes  is  produced  is  very  different  to  the 
above ;  the  full  investigation  must  be  left  for  Part  II.,  but  an 
explanation  of  the  mode  how  it  takes  place  may  be  given  here. 

Let  Cj  and 
C2  be  two  con- 
vex lenses  of 
the  same  kind 
of  glass,  having 
their  axes  in  the 
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same  line,  SC^C^q.  Let  SP  be  a  ray  of  white  light  incident  on 
the  first  lens  at  P,  parallel  to  the  axis,  but  at  a  distance  from  it ; 
by  the  prismatic  effect  of  the  lens,  the  red  ray  Pr  will  be  less 
deviated  than  the  violet  one  Pv ;  but  Pv  faUing  on  a  flatter 
part  of  the  second  lens  than  Pr,  will  be  less  deviated  by  it,  and 
when  the  lenses  are  at  a  proper  distance,  a  complete  correction 
will  result,  and  the  rays  emerging  to  q  will  be  parallel,  and  shew 
no  signs  of  colour.  It  will  be  shewn  in  Part  II.  that  this  takes 
place  when  the  lenses  are  separated  a  distance  equal  to  half  the 
sum  of  their  focal  lengths. 

Since  the  distance  and  sum  of  the  focal  lengths  are  concerned 
only  in  the  condition  of  achromatism,  the  forms  of  the  lenses 
and  the  ratio  of  the  focal  lengths  may  be  taken  so  as  to  secure 
other  advantages ;  as  the  diminution  of  the  aberration  and  the 
flatness  of  the  field  of  vision,  as  an  eye-piece.  The  eye-pieces 
of  Huygens  and  Ramsden  are  those  most  used  in  instruments 
where  accuracy  is  a  paramount  object:  the  former,  in  telescopes 
and  microscopes,  to  produce  the  most  distinct  vision,  since  it  is 
achromatic  and  with  very  little  aberration  and  distortion ;  and 
the  latter,  where  a  large  extent  of  distinct  field  is  desirable,  as 
in  the  use  of  micrometers,  but  it  is  not  quite  achromatic,  and  is 
less  distinct  than  Huygens's  eye-piece. 


Huygens's  eye-piece  consists  of  two  convexo-plane  lenses,  as 
in  the  figure  ;  the  focal  length 
of  the  more  distant  from  the 
eye,  which  is  called  the  field- 


glass,  being  three  times  that  of 
the  nearer  or  eye-glass ;  and 
their  distance  twice  the  focal 
length  of  the  latter.  The  com- 
bination cannot,  from  the  short- 
ness of  the  focus  of  the  eye-glass,  be  used  to  view  an  object;  and 
the  image,  when  used  in  a  telescope  or  microscope,  falls  between 
the  lenses,  and  hence  it  is  called  the  negative  eye-piece.  In  the 
figure,  the  image  formed  by  the  object-glass  would  have  fallen 
at  Q,  but  by  the  field-glass  C^,  it  is  made  to  fall  at  q,  half-way 
between  the  lenses,  which  is  the  principal  focus  of  the  eye-glass 
Cg/  and  the  rays  of  each  pencil  on  emerging  from  this  latter  are 
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parallel,  or  as  if  they  had  come  from  a  very  distant  object,  and 
are  therefore  fit  for  vision  by  an  eye  at  e. 

Iffe  be  the  focal  length  of  the  eye-glass  C^,  then  3fe  is  that 

of  C,,  and 

J ]_        1 

1_ 

_1_ 

or,  C'iQ=|/e 

This  is  the  distance  at  v^^hich  the  field-glass  must  be  placed 
nearer  to  the  object-glass  than  its  focus,  Q. 

The  lens  C^  is  called  the  field-glass,  from  its  having  the  effect 
of  increasing  the  extent  of  the  distinct  part  of  the  image  or  field 
of  view. 

Ramsden's  eye-piece  is  formed  of  a  plano-convex  and  a  con- 
vexo-plane  lens  of  equal  focal  lengths,  set  at  a  distance  of  about 
two-thirds  of  the  focal  length  of 
either,  as  in  the  figure  ;  and  the 
image  formed  by  the  object-glass/^ 
is  immediately  beyond  the  field- 
glass,  as  at  Q,  so  that  the  pencils 
after  passing  through  the  eye- 
piece are  fit  for  vision  to  an  eye  immediately  behind  the  eye- 
lens.  The  wires  of  the  micrometer  (generally  spider's  lines), 
which  are  moved  by  the  screws  of  the  instrument,  are  also  at 
the  place  of  the  arrow  Q,  and  being  seen  with  it  are  equally 
affected  by  the  distortion  of  the  eye-piece,  and  therefore  the 
result  of  the  measurement  is  unaffected. 

If  the  lenses  had  been  set  at  a  distance  equal  to  their  focal 
length  from  each  other,  the  condition  of  achromatism  would  have 
been  fulfilled,  but  then  the  image  Q  must  have  coincided  with 
the  surface  of  the  field-glass,  and  all  dust  and  imperfection  of 
the  surface  would  have  been  seen  with  it,  magnified  by  the  eye- 
glass. 
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CHAPTER  VIII. 


ON  THE  EYE  AND  VISION. 


The  eyes  of  man  and  the  higher  animals  have  many  parts  com- 
mon to  them  and  dioptrical  instruments ;  but  in  the  eye  they 
are  available  in  a  wonderful  manner,  which  no  artificial  instru- 
ment can  be  made  to  imitate. 

The  eyes  of  animals  are  far  from  uniform  in  their  structure ; 
and  in  many  of  the  lower  animals  the  absence  of  what  we  may 
call  the  optical  parts  leads  to  the  conclusion,  that  they  serve  to 
convey  sensations  of  relative  light  and  darkness  only ;  whilst  in 
the  higher  animals  the  presence  of  parts  formed  so  as  to  produce 
images  induces  us  to  believe,  that  they  have  perceptions  of  the 
forms  of  distant  objects  like  ourselves :  at  the  same  time,  the 
eyes  of  different  tribes  have  peculiarities  suited  to  their  respec- 
tive modes  of  living. 

The  human  eye  may  be  considered  as  composed  of  two  seg- 
ments of  spheres ;  of  which  the  front  one  is  transparent,  and 
called  the  cornea,  ahc  m  the  figure  ;  and  the  hinder  one,  adc, 
which  is  white,  is  called  the  globe  of  the  eye.  The  length  of 
the  axis  of  the  eye  from  6  to  c?  is  rather  less 
than  an  inch ;  and  the  radius  of  the  cornea  is 
about  three-tenths  of  an  inch. 


The  cornea  is  of  a  laminated  structure, 
and  of  a  considerable  thickness,  so  that  it  is 
not  injured  by  slight  pressures  on  its  surface  :  within  its  con- 
cavity is  the  aqueous  humour  /,  contained  in  its  appropriate 
membrane.  Through  the  cornea  is  seen  the  iris  or  uvea,  dif- 
ferently coloured  in  different  individuals,  of  a  fibrous  structure, 
with  the  circular  aperture  in  its  center,  called  the  pupil.  The 
iris  performs  the  important  office  of  regulating  the  quantity  of 
light  which  passes  to  the  inner  chambers,  by  its  involuntary 
action  in  enlarging  and  diminishing  the  diameter  of  the  pupil. 
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At  a  short  space  behind  the  ins  is  the  crystalline  lens  or  humtMr 
g,  contained  in  its  proper  capsule.  It  is  more  convex  a.t^^mfos- 
terior  than  its  anterior  surface,  and  is  of  variable  densi^pPSeing 
most  dense  at  its  center.  Immediately  in  contact  with  the  pos- 
terior surface  of  the  lens  is  the  vitreous  humour  h,  v^^hich  is  con- 
tained in  a  delicate  membrane,  called  the  hyaloid  membrane. 

The  optic  nerve  coming  from  the  brain  enters  the  globe  of 
the  eye  rather  nearer  to  the  nose  than  the  axis,  as  at  e :  after  its 
entrance,  it  ramifies  and  forms  the  retina,  or  nervous  membrane, 
which  is  immediately  exterior  to  the  posterior  portion  of  the 
hyaloid  and  extends  to  the  ciliary  processes.  Immediately  ex- 
terior to  the  retina  is  the  membrana  Jacohi;  and  exterior  to  it 
again  is  the  choroid  coat  or  membrane,  which  contains  the  nigrum 
pigmentum  in  cells  on  its  inner  surface.  The  strong  outer  coat 
of  the  globe  of  the  eye,  called  the  sclerotica,  is  immediately 
exterior  to  the  choroid,  and  is  connected  with  the  cornea  at  the 
points  a  and  c.  Near  the  junction  of  the  sclerotica  and  cornea 
the  choroid  turns  inwards  in  folds,  called  the  ciliary  processes, 
which,  containing  between  them  the  nigrum  pigmentum,  form 
a  dense  screen,  preventing  irregular  light  from  entering  the 
vitreous  humour  and  falling  upon  the  retina.  The  ciliary  liga- 
ment is  a  ring  at  the  junction  of  the  cornea  and  sclerotica,  to 
the  latter  of  which  it  is  united  as  well  as  to  the  choroid. 

The  point  e  where  the  optic  nerve  enters,  is  insensible  to 
the  action  of  light,  and  is  called  the  punctum  cacum.  If  two 
spots  be  made  with  ink  on  paper,  a  few  inches  apart  and  kept 
in  the  same  horizontal  line ;  then  if  we  look  steadily  at  the  inner 
one  with  one  eye,  and  move  the  paper  nearer  to  and  further 
from  the  eye,  there  will  be  one  position  at  which  all  perception 
of  the  outer  one  will  cease :  this  is  when  the  image  of  it  falls 
upon  the  punctum  cascum,  where  the  optic  nerve  is  not  yet 
developed  into  the  sensitive  retina. 

By  dissecting  away  the  sclerotica  and  choroid  at  the  back  of 
the  eye,  it  is  seen  that  inverted  images  are  formed  upon  the 
retina,  which  soon  becomes  opaque  after  death,  though  trans- 
parent during  life.  We  can  have  no  doubt  but  that  the  sense 
of  vision  arises  from  the  impression  produced  by  these  images 
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upon  the  retina,  which  is  conveyed  by  the  optic  nerve  to  the 
brain.  If  lenses  be  placed  between  the  eye  and  an  object,  so 
that  an  indistinct  image  must  be  formed  upon  the  retina,  then 
vision  is  also  indistinct. 

The  only  part  of  an  object  which  is  seen  absolutely  distinctly 
is  that,  of  which  the  image  falls  upon  the  retina  at  the  extremity 
of  the  axis,  where  it  has  a  peculiar  organization  in  the  human 
eye.  At  this  part  is  ihe  foramen  centrale  of  Scemmering,  which, 
however,  is  not  an  opening  in  the  retina,  but  a  small  ai*ea,  where 
the  organization  is  more  delicate. 

The  foramen  centrale  may  be  seen  by  most  persons  in  their 
own  eyes  by  the  spectrum  of  Purkinje,  or  in  that  of  Wheatstone. 

By  holding  a  lighted  candle  about  six  or  eight  inches  from 
the  eye,  and  a  little  on  one  side,  and  agitating  it,  whilst  we  look 
with  the  eye  into  a  dark  space,  most  persons,  after  a  short  time, 
see  before  them  numerous  black,  ramifying,  waving  lines,  which 
are  blood-vessels  of  the  retina,  on  a  copper-coloured  ground, 
with  the  foramen  centrale  in  the  middle  of  the  spectrum.  By 
the  shadows,  caused  by  the  candle  being  held  on  one  side  of  the 
axis  of  vision,  we  see  that  the  foramen  centrale  has  generally  a 
raised  rim  ;  and  it  is  probable  that  the  area  within  it  is  the  place 
of  most  distinct  vision ;  and  from  apparent  change,  when  we  are 
sensible  of  a  change  in  the  adjustment,  it  may  be  furnished  with 
means  of  minute  adjustment  to  distinct  vision. 

Wheatstone's  spectrum  is  seen  in  the  daylight  by  taking  a 
piece  of  card  about  an  inch  square,  with  a  hole  in  its  center 
one-tenth  of  an  inch  in  diameter,  and  agitating  it  before  one  eye 
turned  to  the  sky,  whilst  the  other  is  closed.  The  field  of  view 
becomes  soon  covered  with  an  appearance  of  interwoven  fila- 
ments like  threads  of  glass,  except  a  small  part  in  the  center, 
which  has  a  spotted  appearance,  and  which  is  the  foramen  of 
Soemmering.  By  agitating  a  lens  of  an  inch  focus,  before  the 
eye  when  looking  towards  the  flame  of  a  candle,  we  see  larger 
waving  lines  in  addition  to  the  fine  ones  mentioned  above,  and 
conclude  that  the  two  spectra  are  only  difierent  forms  of  the 
same  phenomenon ;  but  that  in  Wheatstone's  additional  parts 
are  seen. 


ON  THE  EYE  AND  VISION.  121 

If  a  piece  of  burning  wood  be  whirled  quickly  round  in  a 
circle  in  the  dark,  the  whole  circle  appears  luminous.  This 
shews  us  that  the  impression  of  light  upon  the  retina  remains 
for  some  time,  which  is  probably  different  in  different  eyes ;  and 
it  is  found  to  be  in  many  eyes  about  one-seventh  or  eighth  part 
of  a  second.  By  this  property  a  person  looking  steadily  at  a 
bright  object,  and  then  turning  his  eyes  suddenly  to  a  dark 
surface,  sees  for  an  instant  the  appearance  of  the  bright  object 
upon  it. 

The  eye's  judgment  of  colour  is  very  much  influenced  by  the 
way  in  which  it  is  affected  by  other  colours  or  lights  at  the 
time.  If  a  narrow  strip  of  white  paper  be  held  near  the  face, 
and  the  eyes  set  so  that  two  images  are  seen  ;  then  if  a  lighted 
candle  be  brought  near  one  eye  so  as  to  shine  into  it,  the  two 
images,  though  from  the  same  object,  and  illuminated  by  the 
same  light,  appear  of  different  tints ;  the  one  seen  by  the  eye 
not  affected  by  the  light  appearing  orange  and  brighter,  and  the 
other  bluish  and  fainter.  In  the  same  way,  when  two  shadows 
of  a  body  are  formed  by  different-coloured  lights,  if  one  of  the 
lights  be  changed  to  another  colour  (as  by  putting  another- 
coloured  glass  before  it),  the  shadow  on  which  the  other-coloured 
light  remained  shining  appears  now  of  another  colour.  In  the 
same  way,  also,  painted  colours  appear  much  more  intense  when 
placed  near  their  complementary  or  opposite  colours.  These 
effects  are  caused  by  the  eye  becoming  less  sensible  of  a  weak 
colour  when  affected  by  a  stronger  of  the  same  kind,  and  more 
sensible  of  it  when  affected  by  an  opposite  colour.  From  similar 
properties  of  the  eye  arise  the  following  results:  if  we  look 
steadily  at  a  red  wafer  on  a  white  ground,  and  then  suddenly 
take  it  away,  we  soon  see  a  green  image  in  the  place  of  the  red 
one.  One  of  the  most  singular  effects  produced  by  contrasted 
colours  is  when  a  red  figure  is  worked  in  worsted  on  a  light- 
blue  ground;  on  being  agitated  in  the  light  of  a  candle,  the 
figure  appears  vibrating,  as  if  it  consisted  of  some  jelly-like  sub- 
stance. 

There  are  many  cases  on  record  of  persons  who  have  not  had 
the  ordinary  perception  of  colours.  Dr.  Dalton,  the  father  of 
the  modern  chemistry,  had  this  peculiarity ;  and  he  has  given  an 
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account  of  the  most  striking  points  connected  with  his  vision, 
in  a  paper  in  the  Memoirs  of  the  Manchester  Philosophical  So- 
ciety. He  found  that  ordinary  eyes  saw  nearly  as  he  did,  if  they 
looked  through  a  solution  of  sulphate  of  copper.  The  leaves 
and  berries  of  the  holly  appear  of  exactly  the  same  colour  to 
such  eyes.  Pink  and  sky-blue  are  an  exact  match.  Reds,  dark- 
greens,  and  browns,  are  all  called  browns.  Sir  David  Brew- 
ster's view,  that  the  eyes  which  have  this  peculiarity  are  very 
little  sensible  to  red  light,  will  account  for  the  above  pheno- 
mena ;  for  instance,  pink  is  a  mixture  of  pale  red  and  pale  blue, 
and  the  latter  only  is  seen. 

Many  other  properties  of  the  eye  and  vision  belong  more 
properly  to  the  science  of  physiology. 

The  refractive  indices  from  air  into  the  principal  constituents 
of  the  eye  were  found  by  Sir  David  Brewster  to  be  as  follows : 

For  the  aqueous  humour      .       .       .  fi=l'336 

For  the  crystalline  lens  at  its  surface  fi=l  '3167 

center.  fi  =  \'3990 

the  mean  .  jx=\'3839 

For  the  vitreous  humour  .         .         .  /i  =  1  '3394 

The  relative  refractive  index  for  the  aqueous  humour  into 
the  crystalline  lens,  taking  the  mean  value  of  fi,  is  found  by 
Art.  27  to  be  1'0358,  and  for  the  vitreous  humour  into  the 
crystalline  lens,  1*0332. 

It  will  be  seen  that  the  principal  refraction  of  a  pencil  takes 
place  at  its  entering  the  cornea,  and  that  the  crystalline  lens, 
lying  between  media  of  which  the  refractive  powers  are  but  little 
less  than  its  own,  has  not  much  effect  in  shortening  the  focal 
length  of  the  eye;  but,  being  most  dense  at  its  center,  the 
central  rays  of  a  pencil  are  more  refracted  than  the  extreme 
ones,  and  hence  the  spherical  aberration  of  the  cornea  is  cor- 
rected. 

That  the  eye  is  achromatic  is  easily  tested  by  looking  at  the 
smallest  possible  bright  particle  on  a  dark  ground,  when  it  is 
seen  to  be  free  from  even  the  secondary  spectra  mentioned  in 
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Art.  86.  We  must  be  careful  of  testing  its  achromatism  by 
experiments  which  introduce  colours  by  diffraction  (see  Physical 
Optics)  at  the  boundary  of  the  iris  or  otherwise. 

Ordinary  eyes  can  see  objects  distinctly  from  about  eight 
inches  to  indefinitely  great  distances ;  and  since  the  image  formed 
upon  the  retina  must  be  in  each  case  accurately  at  the  focus, 
when  there  is  distinct  vision,  it  is  clear  that  the  eye  possesses  the 
means  of  adjusting  itself  to  all  distances  between  those  limits. 
We  are  ourselves  sensible  that  adjustment  takes  place  when  we 
turn  our  eye  suddenly  from  one  object  at  one  distance  to  another 
at  another  distance ;  and  we  easily  perceive  that  two  objects  in 
the  same  direction  cannot  be  seen  distinctly  at  the  same  time,  if 
one  is  near  and  the  other  distant.  The  means  by  which  the  eye 
adjusts  itself  to  distinct  vision  at  different  distances  has  been 
a  subject  of  much  discussion,  and  many  hypotheses  have  been 
proposed  which  were  entirely  deficient  of  either  optical  or  phy- 
siological foundation.  The  view  of  Dr.  Pemberton,  which  was 
afterwards  adopted  by  Dr.  Young,  supposes  that  the  crystalline 
lens  changes  its  form  ;  but  it  is  now  known  that  it  possesses  no 
muscular  structure  or  other  apparatus  which  could  change  its 
form,  independently  of  the  inadmissibility  of  the  magnitude  of 
the  changes  either  in  form  or  position  which  could  produce  the 
adjustment  required;  for,  its  being  imbedded  in  media  of  nearly 
the  same  refractive  power  would  require  the  changes  to  be  very 
considerable.  The  view  of  Dr.  Jortin,  that  the  cornea  changes 
its  convexity  from  the  action  of  some  muscular  apparatus,  seems 
to  be  the  only  tenable  one.  The  refraction  from  the  air  into  the 
cornea  is  so  great,  that  a  very  slight  change  of  convexity  will 
produce  the  required  adjustment  for  objects  differing  in  distance 
from  eight  inches  to  infinity.  When  the  change  of  adjustment 
is  from  a  distant  to  a  near  object,  the  iris  is  always  seen  to 
contract,  ^.Ithough  the  quantity  of  light  falling  upon  the  eye 
remains  the  same,  and  vice  versa;  and  this  contraction  is  now 
known  to  physiologists  to  be  caused  by  muscularity  of  the  iris ; 
so  that  we  have  undoubted  evidence  of  muscular  action  accom- 
panying the  adjustment  for  different  distances  of  the  object 
viewed. 


1^4 


OPTICS. 


ON  LONG  AND  SHORT-SIGHTEDNESS. 

The  eyes  of  every  person  have  only  a  limited  power  of  adjust- 
ment for  distance  ;  but  the  extremes  of  the  distances  for  distinct 
vision  are  different  for  different  persons. 

Old  persons  generally  lose  the  power  of  seeing  near  objects 
distinctly,  whilst  they  retain  it  for  distant  objects ;  they  are  then 
said  to  be  long-sighted  or  preshyoptic. 

Many  persons  are  able  to  see  distinctly  objects  at  the  distance 
of  two  or  three  inches  from  the  eye,  but  are  not  able  to  do  so 
when  they  are  removed  to  the  distance  of  a  few  feet ;  such  per- 
sons are  called  short-sighted  or  myoptic. 

Art.  88.  To  find  the  forms  of  the  lenses  required  to  remedy 
long  and  short-sightedness. 

In  presbyopia,  the  power  of  the  eye  not  being  suflScient  to 
bring  the  pencils  diverging 
from  near  points  to  a  focus 
on  the  retina,  the  cornea  is 
generally  of  too  long  a  ra- 
dius ;  so  that  the  focus  Kes 
at  g'j,  beyond  the  retina, 
upon  which  the  rays  which 
diverge  from  a  point  not  being 
brought  to  one  point  again,  vi- 
sion is  indistinct.  The  visual 
pencil  will  be  made  more  con-? 
vergent  by  placing  a  convex  lens 
before  the  eye,  as  at  A,  and  if 
of  a  proper  focal  length,  the 
pencil  will  be  brought  to  a  focus  at  q  upon  the  retina,  and  vision 
will  be  distinct. 

In  myopia  the  curvature  of  the  cornea  is  too  great,  or  its 
radius  too  small,  for  the  eye  to  bring  pencils  diverging  from  dis- 
tant points  to  a  focus  on  the  retina,  but  which  falls  at  some 
point,  as  q^  in  the  lower  figure,  before  the  pencil  reaches  the 
retina.     When  the  rays  which  have  diverged  from  one  point  fall 
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upon  the  retina,  they  cover  a  small  circular  area,  and  vision  is  in- 
distinct. The  refracted  pencil  within  the  eye  being  too  conver- 
gent, a  concave  lens.  A,  of  proper  focal  length  must  be  placed 
before  the  eye,  in  order  that  the  pencil  may  be  brought  to  a  focus 
at  q  on  the  retina,  and  the  vision  rendered  distinct. 

Art.  89.  To  find  the  conditions  of  distinct  vision  through  a 
convex  lens  and  its  magnifying  power. 

Let  PP  be  an  object  placed  at  the  distance  of  distinct  vision 
before  the  eye  in  the  lower  figure ;  and  let  C  be  a  convex  lens 
placed  between  the  eye  and  the  same  object,  QQ',  in  the  upper 


figure.  When  the  vision  is  distinct  in  the  case  of  the  upper 
figure,  the  rays  must  fall  upon  the  cornea  in  the  same  state  of 
divergence  as  in  the  lower,  when  the  eye  remains  in  the  same 
state  of  adjustment  for  distance ;  or,  the  rays  must  diverge  from 
a  virtual  image  qq ,  equally  distant  from  the  eye  with  PP',  and 
they  will  then  be  brought  to  foci  forming  a  distinct  image  upon 
the  retina. 


The  magnifying  power  of  the  lens  is  the  number  of  times  the 
angle  which  ^q  subtends  at  the  eye  contains  the  angle  which 
PP  subtends.  Let  0  and  O'  be  the  optical  centers  of  the  eye, 
which  nearly  coincide  with  the  center  of  curvature  of  the  cor- 
nea. 
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Then  the  magnifying  power  of  the  lens  =  — - — — 

tan.  q  Oq  , 

= ;^  ^,,   nearly. 

tan.P'O'P  ^ 

ii 

=-^ 

ap 
p'p 

—-7^   from  Art.  78. 

But,  from  Art.  Q5y  \if  be  the  focal  length  of  the  lens  C,  and 
we  call  Cq  a  positive  quantity  ; 

_J__1 1_    '         ^   ..>    -t    -J.    . 

Cq~f    CQ       " 'V   ^   r     U^ 
1      1     1 

or  T7rr=-?  + 


Substituting,  we  have. 


CQ     f  Cq  r    '/  ^  ir 


Cn 

the  magnifying  power  =-^-f  1. 

Let  e—  OPy  the  eye's  distance  of  distinct  vision,  and  d—  OC, 
the  distance  of  the  lens  from  the  center  of  the  eye, 

the  magnifying  power  =-— ; — h  1 

e      d      ^ 

which  becomes  greater  as  d  is  less,  or  as  the  lens  is  nearer  to  the 
eye.  When  d=e,  the  magnifying  power=  1,  or  the  effect  of  the 
lehs  ceases.  When  the  focal  length  of  the  lens  is  small,  and  d 
also  small  compared  with  e,  we  have, 

g 
the  magnifying  power  =-?r  nearly. 
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This  is  the  formula  generally  used  in  speaking  of  the  magni- 
fying power  of  a  short-focused  lens  or  single  microscope.  Let 
/=-j^  inch,  and  e=8  inches,  we  have, 

the  magnifying  power  =80. 

In  the  case  of  myoptic  vision,  where  e  is  small,  as  two  or 
three  inches,  the  magnifying  power  becomes  small ;  but  such  eyes 
at  their  least  distance  of  distinct  vision  see  an  object  under  a 
much  greater  angle  than  ordinary  eyes,  and  have  great  advan- 
tages in  the  use  of  optical  instruments,  and  in  many  optical 
experiments ;  the  natural  power  of  the  short-sighted  eye  being 
much  more  accurate  than  can  be  produced  by  a  lens  for  the 
ordinary  eye. 


CHAPTER  IX. 


ON  OPTICAL  INSTRUMENTS. 


Of  optical  instruments  we  may  form  two  classes ;  one  of  which 
consists  of  instruments  for  shewing  magnified  images  of  objects, 
and  the  other  of  instruments  in  which  optical  combinations  are 
applied  to  obtain  measures  of  either  the  linear  magnitude  of  ob- 
jects or  angles  between  given  directions. 

Although  the  welfare  and  progress  of  the  human  race  are 
intimately  coimected  with  the  advancement  of  every  science,  yet 
the  benefits  which  have  arisen,  and  are  still  arising,  from  the 
improvements  in  optical  instruments  seem  second  to  no  others. 
Astronomy,  Geodesy,  and  Navigation,  on  which  the  intercourse 
of  nations  so  much  depends,  would  have  been  in  a  far  different 
state  if  the  optical  parts  of  the  respective  instruments  had  re- 
mained rude  and  unimproved ;  and  still  more  important,  as 
coming  to  each  individual  in  his  own  person,  is  the  prospect  of 
sound  progress  in  the  curative  art,  from  the  recent  and  daily 
discoveries  which  are  arising  in  Physiology  and  Pathology  by 
the  state  of  perfection  which  the  microscope  has  attained  within 
the  last  few  years. 

In  the  first  of  the  above-named  classes,  we  have  the  cata- 
dioptrical  instruments,  the  various  forms  of  the  reflecting  tele- 
scopes and  microscopes;  the  dioptrical  instruments,  the  single 
and  compound  microscopes,  the  astronomical  and  the  ordinary 
day-telescopes,  the  opera-glass,  solar  microscope,  and  magic- 
lantern,  the  camera-obscura,  and  the  camera-lucida. 

In  the  second  class  we  have  the  various  forms  of  micrometers, 
^  Hadley^ssextant  and  reflecting  circles,  the  optical   square,  the 
goniometer,   and   many  instruments  which  are    more   properly 
explained  in  treaties  on  Astronomy. 
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THE  HERSCHELIAN  TELESCOPE. 

The  simplest  telescope  is  the  form  of  the  reflecting  telescope, 
which  was  adopted  by  Sir  William  Herschel,  when  very  faint 
celestial  objects  were  to  be  observed.  The  figure  represents  a 
section  of  the  tube  ABCD,  of  the  speculum  ah,  and  of  the  eye- 
tube  and  eye-glass  at  e. 


f=^: 


The  speculum  a  6  is  set  obliquely  to  the  axis  of  the  tube,  so 
that  an  image  of  the  heavenly  body,  to  which  the  axis  of  the 
tube  is  directed,  is  formed  at  the  side  where  the  eye-tube  e  is 
placed.  This  image  is  seen  by  the  observer  magnified  by  the 
eye-glass,  as  he  stands  at  the  front  of  the  telescope  with  his  back 
to  the  object.     \t\&  caMed.  the  front  view. 

The  image  being  formed  by  pencils  reflected  obliquely  by 
the  mirror,  is  never  distinct;  but  when  such  faint  objects  as  the 
smaller  of  the  satellites  of  Saturn,  those  of  Uranus,  or  faint 
nebulae,  are  to  be  observed,  this  is  of  less  consequence  than  the 
loss  of  light  which  occurs  by  the  second  reflection  in  the  other 
reflecting  telescopes,  which  have  two  mirrors  and  an  eye-glass. 

Supposing  the  mirror  to  reflect  two-thirds  of  the  light  inci- 
dent upon  it,  and  the  eye-glass  to  transmit  about  nine-tenths  of 
the  light  falling  upon  it,  we  find  sixty  rays  of  every  one  hundred 
falling  upon  the  mirror  to  reach  the  eye ;  and  the  larger  achro- 
matic refracting  telescopes  do  not  transmit  more. 

The  magnifying  power  is  found  in  the  same  way  as  for  the 
Newtonian  telescope,  and  is  the  focal  length  of  the  speculum 
divided  by  that  of  the  eye-glass,  as  in  that  form. 

The  quantity  of  light  with  which  the  image  is  illuminated,  is 
proportional  to  the  area  of  the  mirror  or  the  square  of  its  aper- 
ture.    The  mirror  of  the  large  telescope  of  Sir  William  Herschel, 

K 
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intended  for  observing  the  faint  celestial  objects  before  named, 
was  forty-eight  inches  in  diameter  of  the  aperture,  and  of  forty 
feet  focal  length. 


THE  NEWTONIAN  TELESCOPE. 

This  telescope  has  been  termed  the  amateur's  telescope,  and 
in  no-wise  incorrectly.  Sir  Isaac  Newton  formed  the  plan,  po- 
lished the  mirrors,  and  fitted  up  the  first  reflecting  telescopes 
ever  made,  which  were  found  to  be  as  effective  as  the  refracting 
telescopes  of  the  time,  of  twelve  times  their  length.  The  cele- 
brated John  Hadley,  about  the  year  1719,  next  succeeded  in 
making  a  Newtonian  telescope  of  about  six  feet  length,  which 
was  equal  to  the  refracting  telescope  given  by  Huygens  to  the 
Royal  Society,  of  more  than  one  hundred  and  twenty  feet  length. 
The  Newtonian  telescopes  made  by  Sh:  William  Herschel  were 
the  instruments  with  which  he  made  his  most  important  astro- 
nomical discoveries;  his  favourite  working  instrument  being  a 
seven-feet  telescope  of  this  form,  with  the  large  mirror  of  six 
and  one-fourth  inches  aperture.  The  author  may  attribute  his 
present  position  to  his  having  in  his  youth  taken  the  study  and 
constructing  of  Newtonian  reflecting  telescopes  and  microscopes 
for  his  favourite  amusement,  leading  him  to  other  scientific  and 
mathematical  studies.  He  has  the  satisfaction  to  know  that  his 
labours  were  not  lost;  since  the  present  noble,  persevering,  and 
dispirited  amateur  maker  of  reflecting  telescopes,  the  Earl  of  Rosse, 
says,  in  his  paper  in  the  Transactions  of  the  Royal  Society  for 
1840,  that  he  uses  a  chemically  prepared  powder  for  polishing, 
and  a  metallic  chilling  surface  in  the  casting  of  his  specula,  as 
the  author  had  published  in  Brewster's  Edinburgh  Journal  of 
Science  for  1831 ;  the  casting  process  however,  with  a  variation 
which  a  friend,  another  successful  amateur  telescope-maker,  says 
he  finds  on  trial  to  be  no  improvement.  ,'  J  f    rw^  U-*^  fu^  n^ttir- 

The  real  image  of  a  distant  object  formed  by  a  concave 
mirror  being,  as  shewn  in  Art.  22,  at  the  principal  focus  in  front 
of  the  mirror,  Sir  Isaac  Newton  placed  a  plane  mirror  in  the 
axis,  and  at  an  angle  of  45°  to  it,  between  the  large  concave  one 
and  its  focus,  which  reflected  the  pencils  at  right  anp •  ^s  *r>  tiviv 
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previous  direction,  so  that  the  image  was  formed  at  the  side  of 
the  tube  of  the  telescope,  and  might  there  be  viewed  by  an  eye- 
glass. 

In  the  figure,  ABCD  represents  the  tube  of  the  telescope, 
ab  the  concave  mirror,  which,  if  the  small  mirror  c  were  not 


^I' 


c 


p-'D 


M. 


mterposed,  would  give  an  inverted  image  of  a  distant  object  in 
the  direction  of  its  axis,  at  d,  in  its  principal  focus;  but  the 
small  plane  mirror,  c,  being  set  at  an  angle  of  45°  with  the  axis 
of  ab,  the  image  is  formed  at  e  in  place  of  d,  and  in  the  focus  of 
an  eye-glass,  /,  which  is  in  a  tube  attached  to  a  sliding  piece, 
which  also  carries  the  plane  mirror,  and  thus  a  magnified  image 
is  seen  by  an  eye  at  E. 

Art.  90.  Prop.  To  find  the  magnifying  power  and  Jield  of 
view  of  the  Newtonian  telescope. 

Since  the  only  effect  of  the  plane  mirror  is  to  reflect  the 
pencils  from  the  large  mirror  to  the  side  of  the  tube,  we  may 
suppose  it  away,  and  the  light  to  pass  to  the  eye-glass  directly 
in  the  axis  of  the  telescope. 

Let  A' A  A"  be  the  concave  object-mirror,  C  the  eye-glass, 
q'qq  the  inverted  image  of  a  distant  object  in  the  common  focus 
of  theob- 
ject-spec- 
ulum  and 
eye-glass. 
We  sup- 
pose the 
image  to 
lie.smalL 
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and  therefore  the  pencils  diverging  from  it,  and  falling  on  the 
eye-lens,  will,  after  emergence,  become  parallel  in  each  pencil, 
and  consequently  fit  for  vision  to  ordinary  eyes ;  as  are  also  those 
from  the  distant  object.  The  ray,  as  qC  in  the  figure,  which 
would  pass  through  the  center  of  the  lens,  would  emerge  without 
deviation,  and  therefore  the  other  emergent  rays  must  be  parallel 
to  this.  Any  rays  reflected  from  the  center  of  the  aperture  Ay 
and  falling  on  the  eye-glass,  will  be  refracted  by  it  so  as  to  cross 
the  axis  ACO  in  a  point  which  is  the  conjugate  focus  to  A;  and 
since  AC  is  always  large  compared  with  the  focal  length  of  the 
eye-lens,  this  point,  as  e  in  the  figure,  is  nearly  the  principal 
focal  distance  from  C,  This  is  the  place  where  the  eye  of  the 
observer  should  be  in  order  to  receive  all  pencils  which  have 
been  reflected  centrically  by  the  mirror,  and  the  hole  in  the  eye- 
tube  of  the  telescope  should  be  somewhat  nearer  to  the  lens  than 
this. 

If  O  be  the  center  of  curvature  of  the  mirror,  QOqA, 
Q'Oq'A',  the  rays  from  different  points  in  the  object,  which  fall- 
ing perpendicularly  on  the  mirror  are  reflected  directly  back 
again,  then  the  angle  QOQ'  which  the  points  in  the  object  sub- 
tend at  O,  is  the  same  as  the  angle  q'Oq,  which  the  correspond- 
ing points  in  the  image  subtend ;  and  the  magnifying  power  of 
the  telescope  is  the  number  of  times  the  angle  q'Cq,  which  the 
image  subtends  to  the  eye  of  the  observer,  contains  the  angle 
QOQ'  or  angle  q'Oq. 

_Lq'Cq 
Lq'Oq 
tan.  q'Cq 


Or  the  magnifying  power 


tan.  q'Oq 
_Cq 


nearly,  since  qq  is  small. 


Oq 
Cq 


f 
=~,  if/o  and  /,  are  the  focal  lengths 

Je 


of  the  object-speculum  and  eye-lens  respectively. 
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In  finding  the  field  of  view,  we  see  that  if  we  join  the  centei 
of  the  aperture  A  with  the  edge  of  the  eye-lens  by  the  line 
Aq"a,  then  of  the  full  pencil  from  the  mirror,  which  is  brought 
to  a  focus  at  q',  the  part  from  A  to  A"  will  fall  upon  the  eye- 
lens  ;  but  the  part  from  A  to  A'  will  pass  outside  its  edge  :  the 
poin^  q"  will  consequently  be  only  seen  by  half  pencils. 

If  we  join  A'  and  a,  the  point  where  the  line  cuts  the  image 
will  be  the  boundary  of  the  portion  which  is  seen  by  full  pencils, 
or  the  brightest  portion  of  the  field  of  view.  If  we  join  A"  and 
a,  this  is  the  last  ray  of  a  pencil  which  can  reach  the  eye-lens, 
and  its  intersection  with  the  image  gives  the  extreme  of  the  field 
of  view.  The  distance  between  the  portion  seen  by  full  pencils 
and  the  extreme  of  the  field  of  view  is  called  the  ragged  edge, 
and  is  frequently  partially  or  wholly  cut  off  by  a  stop  or 
diaphragm,  consisting  of  a  metal  plate  in  the  eye-tube,  with  a 
circular  aperture  of  the  required  diameter  in  its  center. 

We  may  take  the  point  q' ,  which  is  seen  by  half  pencils,  as 
limit  of  the  field,  the  radius  of  which  is  qq" ,  and  the  angular 
radius  to  the  naked  eye  is  the  angle  q' OA=-axyg\e  q"AO 

_aC 
~AC 

Let  a  be  the  half-aperture  of  the  eye-glass,  then  the  angular 

a 


radius  of  the  field  of  \dew: 


'fo+fe 


We  here  suppose  the  plane  mirror  to  be  sufficiently  large  to 
reflect  all  the  required  rays  to  the  eye-glass. 

A  right-angled  prism  was  proposed  to  be  used  in  place  of 
the  small  plane  mirror  by  Sir  Isaac  Newton.  The  object  was 
to  save  light  by  employing  the  total  reflection  at  the  base  of  the 
prism.  An  achromatic  prism  to  bend  the  pencils  to  the  side  of 
the  tube  at  a  convenient  angle  has  been  proposed  by  Sir  David 
Brewster.  The  objections  against  these  are,  that  additional  errors 
of  workmanship  would  be  introduced  by  the  increased  number 
of  surfaces ;  and  refraction  is  always  accompanied  by  aberration, 
which  would  more  than  counterbalance  the  greater  loss  of  light 
by  the  metallic  speculum. 
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ON  THE  GREGORIAN  TELESCOPE. 

This  fonn  of  a  reflecting  telescope  was  the  first  invented ; 
but  its  inventor,  Dr.  Gregory,  was  not  able  to  get  it  executed. 
John  Hadley,  Esq.,  who  was  so  successful  with  the  Newtonian, 
appears  afterwards  to  have  constructed  this  form ;  and  soon 
afterwards  Mr.  James  Short  brought  the  workmanship  to  such 
perfection  that  for  a  long  series  of  years  the  Gregorian  was  the 
most  effective  telescope. 

The  Gregorian  telescope  consists  of  a  large  and  a  smaU  con- 
cave mirror  and  an  eye-lens,  or  more  usually  a  double  eye-piece. 
The  large  mirror  has  a  circular  hole  through  its  center,  through 
which  the  light  reflected  from  the  small  mirror  passes  to  the 
eye-piece. 


Let  BB  in  the  figure  be  the  large  or  object-speculum,  ha\)^ 
the  small  one,  and  C  a  single  eye-lens. 

Let  qq  be  the  inverted  image  of  a  distant  object  formed  at 
the  principal  focus  of  the  large  mirror,  and  q-^q,^  the  image  of  qq 
formed  by  the  small  mirror  in  the  focus  of  the  eye-glass  C 
Then  the  pencils,  which  diverging  from  different  points  in  q-^q^ 
fall  upon  the  eye-glass,  will  emerge  from  it  in  a  state  of  paral- 
lelism, and  therefore  fit  for  vision  to  an  eye  placed  at  e,  where 
they  cross  the  axis  of  the  telescope.  The  second  image  being 
erect,  this  telescope  becomes  a  powerful  one  for  day  purposes,  as 
well  as  an  astronomical  one. 


Art.  9L     Prop. 
Gregorian  telescope. 


To  find  the   magnifying  power  of  the 
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Let  O  and  0'  be  the  centers  of  the  curvatures  of  the  two 
mirrors  in  the  last  figure.  Let  q  and  q  be  the  foci  conjugate  to 
the  points  Q  and  Q'  in  the  distant  object,  and  draw  the  line 
q'OQ' ;  qOQ  being  the  axis  of  the  telescope.  Let  q^  and  q,  q 
and  q^  be  conjugate  foci  in  the  two  images,  and  draw  the  line 
q  O'q^.     Join  C  the  center  of  the  lens  and  q^. 

Then  q^^Ui  ^^  ^^^  angle  under  which  the  points  q.^  and  q^  in 
the  second  image,  corresponding  to  Q  and  Q  in  the  object,  are  seen 
by  the  eye  at  e;  and  the  angle  under  which  Q'  and  Q  are  seen 
by  the  naked  eye  is  Q'OQ^=q'Oq.  Hence,  putting/o,/'  and/g 
for  the  focal  lengths  of  the  large  and  small  specula  and  eye-glass 
respectively  ;  the  magnifying  power 

LqiCqi 


Lq'Oq- 

?l5'2 

Cq, 

qq 

Oq 

q'q 

X^ 
/. 

O'q, 
Oq 

X^ 

by^Art. 

22, 

^i^x-^by  Art.  19. 

Let  /=a^i  =  the  distance  between  the  centers  of  the  aper- 
tures of  the  two  mirrors  nearly,  we  have 

=— ;. from  Art.  19  ; 

aqi     f        aq 

111 

and  the  magnifying  power =/(^ — ^j  Xy 


ffe 

=:^  nearly. 

J  Je 
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We  see  that  with  the  same  object-speculum  and  eye-piece 
the  magnifying  power  is  greater  as/'  is  less;  and  this  telescope 
is  generally  furnished  with  two  or  more  small  mirrors,  of  dif- 
ferent focal  lengths,  fixed  to  upright  arms,  whicii  can  be  slidai} 
readily  in  and  out  of  the  tube  of  the  instrument,  to  change  the 
magnifying  power,  as  well  as  different  eye-pieces  of  different 
powers  for  the  same  purpose. 

Art.  92.  Prop.  Tojind  the  angular  magnitiide  of  the  field 
of  view  in  Gregory's  telescope. 


•  Let  BAB'  be  the  object-mirror,  supposed  continuous,  hah 
the  small  mirror,  and  c  Cc  the  eye-glass,  of  which  the  half-aper- 
ture Cc=a. 

Wfi  suppose  the  smalPmirror  sufficiently  large  to  reflect  the 
pencilsTrom  the  large  mirror  completely,  and  therefore  the  field 
of  view  will  depend  on  the  aperture  of  the  eye-lens. 

Let  q  be  the  point  in  the  inverted  image  formed  by  the 
object-mirror,  where  it  is  cut  by  a  ray  Aa'  reflected  at  A,  and 
reflected  again  by  the  small  mirror  at  a',  and  finally  touches  the 
edge  of  the  lens  c ;  then  q'  is  the  point  which  is  seen  by  half- 
pencils,  and  may  be  taken  as  the  boundary  of  the  field  of  view ; 
and  the  angle  q'Oq,  which  qq'  subtends  at  the  center  of  the 
curvature  of  the  mirror,  is  the  angular  radius  of  the  field  of  view 
required. 

Since  q  is  the  bisection  of  AO,  the  angle  q'Oq  equals  the 
angle  q'Aq.  The  line  a'c  will  pass  very  nearly  through  q ;  for 
the  second  image  being  formed  very  near  A,  these  points  A  and 
q  will  be  conjugate  foci  to  the  small  mirror  very  nearly. 
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Now  angle  aAa  =  L  4^9.  =  ~r~  'nearly, 

and  angle  dqa  =  L  cqC— nearW, 

qa 

_  Cc 
-Cq 

therefore  angle  q' Oq—  — — .  i— ■ 

^      ^      Cq    Aa 

and  using  the  same  notation  as  in  the  last  Article,  and  putting 
f  for  aq  approximately,  we  have 

The  angular  radius  of  the  field  of  view  =  — —  .-^ 

Cq  Aa 


a.f 
-—~  as  an   approxima- 

Jo 


tion,  since  /  and  f  are  small  compared  with  /,. 


ON  cassegrain's  tAescope. 

Cassegrain's  telescope  difiers  from  Gregory's  only  in  having 
in  place  of  the  concave  small  mirror  a  convex  one,  which  is 
placed  nearer  the  large  mirror  than  its  focus,  instead  of  beyond 
it.  The  pencils  from  the  large  mirror  therefore,  fall  in  a  state 
of  convergence  upon  the  small  convex  one  ;  and  after  reflexion 
by  it  will  form  a  real  inverted  image,  as  at  q-^^  q^  in  the  figure, 
by  the  second  part  of  Art.  22. 

Art.  93.  Prop.  To  find  the  magnifying  power  of  Casse- 
grain's telescope. 

Let  BB'  be  the  large  speculum,  bab'  the  small  convex  one, 
of  which  the  centers  are  O  and  0'  respectively,  and  C  the  eye- 
glass. Let  qq'  be  the  inverted  image  of  a  distant  object,  which 
would   have  been  formed  in   the  principal  focus   of  the  large 
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mirror,  if  the  pencils  had  not  been  intercepted  by  the  small  one ; 
and  yi^a  the  .real  image  of  the  virtual  one  qq  ^  formed  by  the 


^y^^" 
\//^ 


small  convex  mirror  in  the  focus  of  the  eye-glass  C;  q^  and  q 
being  points  in  the  images  corresponding  to  a  point  Q'  in  the 
object,  and  q^,  q  those  corresponding  to  a  point  Q. 

Join  ^2  and  C,  then  the  angle  q^Cq^  is  the  angle  under  which 
the  points  q^  and  q^  are  seen  by  an  eye  at  e;  and  the  angle 
q'Oq=^Q' 0Q\&  that  under  which  the  corresponding  points  in 
the  object  are  seen  :  hence,  using  the  same  notation  as  before, 


the  magnifying  power  =    ,    ,Jc^ 


qOq 

Ml 

_£_£. 
Oq 

^—^'-^  by  the  second  part  of  Art.  22. 
=lL^.^byArt.  20. 

Let  the  distance  between  the  two  specula =/= a  yj  nearly. 
From  Art.  20. 

aq    f      q^a 
1       1 
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therefore  the  magnifying  power  =  /(—>+ y  )^ 

J+f    fo 
f      'fe 

=  7^^  nearly. 

We  see  that  the  expression  for  the  magnifying  power  in 
Cassegrain's  is  the  same  as  in  Gregory's  telescope,  and  it  has 
the  advantage  of  being  shorter ;  but  for  day  purposes  it  is  inap- 
plicable, as  the  image  is  inverted. 


Art.  94.     Prop.     To  find  the  angular  magnitude  of  the  field 
of  view  in  Cassegrain's  telescope. 

Let  BAB  be  the  object-mirror  supposed  without  perforation 
in  its  center,  O  the  center  of  its  curvature,  haH  the  small  mirror, 


and  c  Cc  the  eye-lens.  Ijeifffe  and  a  be  as  before.  Let  Q  be 
the  point  in  the  object  to  which  the  axis  CAO  of  the  telescope 
is  directed,  Q'  the  point  from  which  the  ray  reflected  at  A,  and 
afterwards  at  a  on  the  small  mirror,  passes  in  a'c  to  the  edge  of 
the  eye-glass ;  if  we  produce  Aa  to  cut  the  virtual  image  in  q , 
then  Q',  the  corresponding  point  in  the  object  to  q ,  will  be  seen 
by  half-pencils,  and  may  be  considered  as  the  limit  of  the  field 
of  view.  Drawing  the  line  q'OQ',  the  angle  Q'OQ=  Lq'Oq  is 
the  angular  field  of  view  to  be  found. 

The  line  ca  when  produced  will  cut  the  axis  nearly  in  §-, 
because  q  and  A  are  conjugate  foci,  nearly,  of  the  small  mirror. 
Now  angle  17' 05^=  ^(/'^gr J  because  5- bisects  .40, 
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a  a 


L  Q-^Q  =  L  dAa — —T— 
Aa 


aa 


fo-J 

LcqA^aqa  = 

aq 

_cC 

-qC 

,     cC 

qC 

a 

^fo+fe 


7  nearly : 


/ 


Then  the  angular  radius  of  the  field  of  view  =  L  q'Aq 

a.f 


Wo-f)(fo+fe) 

«•/ 

=  -^2   approximately. 

Jo 


ON  SIR  ISAAC  NEWTON  8  REFLECTING  MICROSCOPE. 

This  is  the  simplest  of  the  compound  microscopes,  the  essen- 
tial parts  of  the  ipstrument  being  a  concave  object-speculum 
and  an  eye-lens.  The  object  being  placed  between  the  center 
of  the  curvature  and  the  principal  focus  of  the  speculum,  a 
magnified  real  image  is  formed  in  the  conjugate  focus  ;  and  this 
is  again  magnified  on  being  seen  through  the  eye-glass. 

Let  O  be  the  center  of  curvature  of  the  speculum  BAff,  and 
C  the  eye-glass. 


If  qq'  be  a  small  object,  and  we  draw  lines  through  the 
points  q'  and  q  and  the  center  O,  the  conjugate   foci    of  the 
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reflected  pencils  will  be  in  these  lines,  as  at  q.^,  ^"^  S'l  respec- 
tively ;  and  an  image  will  be  formed,  of  which  the  magnitude* 
is  to  that  of  the  object  as  Oq^^  to  Oq,  or  by  Art.  19,  as  Aq^ 
to  Aq. 

If  Cg'i  be  such  a  distance  that  the  pencils,  after  emerging 
from  the  eye-glass,  diverge  from  a  virtual  image  at  the  least 
distance  of  distinct  vision,  as  in  Art.  89,  the  magnifying  power  . 
is  the  number  of  times  the  angle  which  the  image  subtends  at 
the  eye  contains  the  angle  which  the  object  itself  subtends  at 
the  least  distance  of  distinct  vision.  It  is  also  the  product  of 
the  magnifying  powers  of  the  eye-lens  and  the  mirror, 

or  the  magnifying  power  =f — ^j  ---- 

where  e,  d,  and  /,  are  as  in  Art.  89.  Let  the  distance  of  q-^  from 
A-=l,  which  is  the  length  of  the  tube  of  the  microscope  minus 
the  focal  length  of  the  eye-lens  nearly,  and/o  the  focal  length  of 
the  mirror,  then 

the  magnifying  power  =  ( — -\  I  i- -A 

^       J  \fo       ^' 

J^e-d+f){l-f„) 

ffo 

When  transparent  objects  are  to  be  viewed  by  the  light 
passing  through  them,  a  small  plane  mirror  is  required  to  be 
placed  in  the  axis  of  the  tube  at  an  angle  of  45°.  In  Amici's 
modification  this  plane  mirror  is  placed  so  between  A  and  q  that 
the  object  may  be  placed  outside  the  tube.  The  objection  to 
this  is,  that  the  errors  of  workmanship  in  the  plane  mirror  will 
diminish  the  elFect  of  the  instrument.  A  plan  used  by  the 
author  was  to  place  the  transparent  objects  at  q  on  small  bits 
of  mica,  cemented  to  pins,  with  small  wooden  handles,  which 
could  readily  be  placed  in  the  adjusting  part  of  the  microscope, 
and  to  throw  the  light  from  a  lens  at  the  side  of  the  tube, 
through  them  by  a  small  plane  mirror  behind  them,  which  was 
set  at  45°  to  the  axis  of  the  tube.  In  this  method  the  image 
formed  by  the  concave  mirror  was  direct,  as  in  the  figure. 

Though  very  good  effects  have  been  obtained  by  this  micro- 
scope, there  is  room  to  expect  much  greater,  when  as  great  skill 
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and  attention  shall  have  been  paid  to  it  as  have  latterly  been 
•expended  on  the  achromatic  compound  microscope.  The  ad- 
vantages of  there  being  only  one  surface  to  polish  and  bring 
to  a  correct  figure  in  the  concave  mirror,  and  reflection  being 
witliout  any  separation  of  colours,  are  very  great,  when  we 
recollect  that  an  achromatic  lens  is  only  an  approximately  cor- 
rected instrument. 

In  comparing  the  finest  reflecting  instruments  with  the  finest 
refracting  ones,  a  sharp  distinctness  of  the  outlines  is  shewn  by 
the  former ;  whilst,  however  accurate  the  images  shewn  by  the 
latter,  they  have  a  haziness  on  all  their  outlines. 

For  the  proper  mode  of  using  microscopes  and  testing  their 
relative  powers,  the  student  may  consult  with  advantage  Sir 
David  Brewster's  treatise  on  the  microscope. 


ON  THE  ASTRONOMICAL  TELESCOPE. 

The  astronomical  telescope  in  its  simplest  form  consists  of 


two  convex  lenses,  as  in  the  figure,  where  AC  A'  represents  the 


object-glass  of  a  long  focal  lej^gth,  and  aca'  the  eye-glass,  of 
which  the  focal  length  is  short  compared  with  that  of  the  object- 
glass.  An  inverted  image  qq  q  of  a  distant  object  is  formed 
at  the  comnlbn  focus  of  the  object  and  eye-glasses,  whose  distance 
is  therefore  the  sum  of  their  focal  lengths.  A  pencil  diverging 
from  any  point  in  the  object,  which  is  brought  to  a  focus  at 
^  in  the  image,  will  fall  upon  the  eye-glass  in  ?uch  a  state  of 
divergence  that  it  will  emerge  from  it  in  a  state  of  parallelism, 
and  be  therefore  fit  for  vision  to  an  eye  at  e. 

The  eye-tube  of  the  telescope,  or  that  which  carries  the  eye- 
glass, has  an  eye-hole  near  e,  where  every  ray  passing  through  C, 
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the  center  of  the  object-glass,  is  brought  to  cross  the  axis  of  the 
telescope ;  and  e  is  the  conjugate  focus  to  C  for  the  eye-glass  ; 
or  ec  is  rather  more  than  the  focal  length  of  the  lens  acd.  If 
the  eye  be  placed  at  e,  all  the  pencils  of  parallel  rays  refracted 
by  the  eye-glass  will  enter  it,  and  the  full  field  of  view  will  be 
visible  at  once ;  but  if  the  eye  be  placed  either  nearer  or  farther 
away,  some  of  the  extreme  pencils  will  not  enter  the  pupil,  and 
only  the  central  parts,  more  or  less  according  to  the  distance  of 
the  eye  from  e,  will  be  seen. 

Art.  95.  Prop.  To  find  the  magnifying  'power  of  the 
astronomical  telescope. 

If  g  be  the  image  pf  the  point  in  the  object  to  which  the 
axis  of  the  telescope  is  directed,  and  q  the  image  of  another 
point,  then  q  Cq  is  the  angle  under  which  those  points  are  seen 
at  the  object-glass.  If  we  draw  the  line  q'c  through  the  center 
of  the  eye-glass,  this  ray  will  pass  through  it  without  deviation, 
and  gives  us  the  direction  of  the  parallel  emergent  rays;  so  that 
the  angle  under  which  the  points  q  and  q'  in  the  image  are  seen 
by  the  eye  is  the  angle  q'cq. 

I    Q  C  Q 

Therefore  the  magnifying  power  =  — ,  J^- 

=  ££  nearly 
gg 
Cq 

cq 

f 
=^,  if /o  be  the  focal  length 

Je  * 

of  the  object-glass,  and/g  that  of  the  eye-glass. 

Art.  96.  •Prop.  To  find  the  field  of  view  of  the  astronomi- 
cal telescope. 

If  we  draw  the  line  Ca  through  the  center  of  the  object- 
glass  to  the  edge  of  the  eye-glass,  cutting  the-  image  in  q",  we 
see  that  of  the  rays  of  the  pencil,  wliich  are  brought  to  a  focus 
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at  q",  one  half  will  fall  on  the  eye-glass,  and  be  by  it  refracted 
to  the  eye,  but  the  other  half  will  pass  outside  the  edge  a.  The 
point  q\  being  seen  by  half-pencils,  may  be  taken  as  the  boun- 
dary of  the  field  of  view,  of  which  the  angular  measure  is  the 
angle  q'Cq;  or 

The  angular  radius  of  the  field  of  view=  Lq'Cq 

=  LaCc 


the  aperture  of  the  eye-glass. 


if  a  be  half 


If  we  joined  A  and  a,  the  point  where  this  line  would  cut 
the  image  would  be  the  limit  of  the  parts  seen  by  full  pencils, 
or  the  brightest  part  of  the  field  of  view  ;  and  if  we  joined  A  and 
a,  the  point  of  the  image  cut  by  that  line  would  be  the  extreme 
part  from  which  a  ray  would  reach  the  eye-glass,  or  the  extreme 
of  the  field  of  view.  The  part  between  these  two  points  is  the 
ragged  edge,  which  may  be  cut  oflfto  a  greater  or  less  extent 
by  a  diaphragm  at  the  image,  with  a  circular  aperture  of  the 
desired  radius  in  its  center. 

We  saw  in  Art.  95  that  the  magnifying  power  might  be 
increased  indefinitely  by  using  an  eye-glass  of  shorter  and  shorter 
focus ;  but  in  practice  there  are  several  causes  which  set  a  limit 
to  the  magnifying  power  that  can  be  used  with  a  given  object- 
glass.  If  the  object-glass  be  a  single  convex  lens,  the  chro- 
matic dispersion  renders  the  image  indistinct,  unless  the  aperture 
be  small  compared  with  the  focal  length  ;  but  the  brightness  of 
the  image  being  proportional  to  the  quantity  of  light  on  each 
point  of  it,  or  proportional  to  the  area  of  the  object-glass,  it 
becomes  faint  when  the  aperture  is  small,  and  will  only  bear 
a  low  magnifying  power.  The  magnifying  power  is  increased 
by  increasing  the  focal  length  of  the  object-glass,  which  allows 
the  aperture  to  be  increased  at  the  same  time :  thus  the  long 
telescope  of  Huygens,  called  aerial  from  being  without  a  tube, 
had  an  aperture  of  six  inches,  and  a  focal  length  of  one  hundred 
and  twenty-three  feet,  bearing  a  magnifying  power  of  two  hun- 
dred and  eighteen  times. 

The  discovery  of  the  achromatic  lens  formed  a  new  era  in 
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the  history  of  the  refracting  telescope  ;  and  the  achromatic  and 
aplanatic  object-glasses,  with  Huygenian  eye -pieces,  of  the 
astronomical  telescopes  now  used,  are  of  apertures  which  would 
have  required  focal  lengths  ten  or  twelve  times  as  great  in  the 
old  telescopes. 

The  magnifying  power  which  a  telescope  will  bear  is  dif- 
ferent for  the  different  heavenly  bodies,  the  moon  and  planets 
not  allowing  so  high  a  power  as  the  fixed  stars  ;  and  on  the 
other  hand,  the  brightness  of  the  sun  is  so  great,  that  a  telescope 
sufficient  to  shew  the  nature  of  his  surface  around  the  spots 
which  are  frequently  visible,  may  be  made  with  a  spectacle-lens 
of  three  or  four  feet  focus,  with  an  eye-lens  of  one  inch  or  less 
focus,  and  a  plane  darkening  glass  before  the  eye  which  trans- 
mits only  light  of  one  colour. 

The  undulating  state  of  the  atmosphere,  from  the  continual 
intermingling  of  portions  of  air  of  different  temperatures,  and 
therefore  of  different  refractive  powers,  is  a  great  impediment 
to  the  correct  action  of  telescopes,  and  to  their  bearing  high 
magnifying  powers.  Those  who  wish  to  learn  the  method  of 
using  the  astronomical  telescope,  may  consult  with  advantage 
Dr.  Kitchiner's  Economy  of  the  Eyes,  part  ii.  on  Telescopes,  being 
the  result  of  Thirty  Years'  Experiments  with  Fifty-one  Telescopes. 

Art.  97.  To  explain  the  construction  of  the  achromatic  day- 
telescope. 

The  astronomical  telescope  shews  inverted  images  of  the 
objects  towards  which  it  is  turned,  and  for  astronomical  objects 
this  is  no  disadvantage ;  but  in  a  telescope  to  be  used  by  day 
upon  terrestrial  objects,  such  an  inversion  is  not  admissible. 
The  inversion  may  be  remedied,  as  in  the  Gregorian  telescope, 
by  forming  an  image  of  the  first  image,  which  may  be  done  by 
the  addition  of  another  convex  lens  ;  but  to  secure  a  large  and 
accurate  field  of  view,  the  usual  terrestrial  eye-tube  contains 
four  convex  lenses,  as  in  the  figure  on  next  page. 

The  inverted  image  of  a  distant  object  being  formed  by  the 
object-glass  Cat  q^,  the  pencils  diverging  again  fall  on  the  lens  Cj, 
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which  is  nearly  its  focal  length  distant  from  q^;  the  refracted 
pencils  then  all  cross  the  axis  of  the  telescope  at  a  point  b. 


where  a  stop  or  diaphragm  is  placed  to  cut  off  all  stray  light ; 
falling  then  on  a  convex  lens  Cj,  they  are  bent  towards  the  axis, 
and  after  falling  on  the  field-glass  C3,  they  are  brought  to  a  focus 
again,  forming  a  second  image,  which  is  erect  at  q2>  ^""^  image 
being  in  the  focus  of  the  eye-glass  c^,  the  pencils  refracted  by  it 
on  emergence  consist  each  of  parallel  rays,  and  are  therefore  fit 
for  vision  to  an  eye  at  e. 


ON  THE  GALILEAN  TELESCOPE. 

The  telescope  of  Galileo  consists  of  a  convex  object-lens  and 
a  concave  eye-lens,  set  at  a  distance  equal  to  the  difierence  of 
their  focal  lengths.  This  construction  has  the  advantage  of 
shewing  objects  erect ;  it  is  shorter  than  the  other  forms ;  and 
when  made  with  single  lenses,  the  errors  of  the  concave  correct 
in  some  degree  those  of  the  object-lens :  for  these  reasons  it  is 
used  for  opera-glasses  and  perspective  telescopes  of  low  power ; 
but  it  has  the  disadvantage  of  having  a  very  small  field  of  view 
when  the  magnifying  power  is  considerable. 


Art.  98. 
telescope. 


Prop.     To  find  the  magnifying  power  of  Galileo's 


Let  C  be  the  object-glass,  c  the  eye-glass,  /,  and  fe  their 
focal  lengths  respectively,  and  let  their  distance  Cc  equal/,— /,. 
The  image  q'gq"  of  a  distant  object  would  be  formed  at  the 


ON  OPTICAL  INSTRUMENTS. 


147 


principal  focus  of  the  object-glass  if  the  eye-glass  did  not  inter- 
cept the  pencils ;  but  the  image  being  also  at  its  principal  focus, 
each  pencil  converging  to  a  point  in  the  image  at  incidence,  will 
emerge  from  it  in  a  state  of  parallelism,  and  therefore  fit  for 
vision  to  an  eye  close  behind  it. 


If  q  be  the  point  in  the  image  which  is  in  the  axis  of  the 
telescope,  q  any  other  point,  the  corresponding  points  in  the 
object  will  subtend  at  the  object-glass  the  angle  qCq.  If  we 
draw  the  line  q'c,  this  would  be  the  direction  of  a  ray  passing 
through  the  eye-glass  without  deviation ;  and  therefore  the  direc- 
tion of  the  parallel  rays,  which  before  incidence  on  the  eye- 
glass were  converging  to  q,  and  hence  the  angle  qcq  is  that 
which  the  virtual  image  subtends  to  the  eye. 


The  magnifying  power 


_   Lq'cq 
LqCq 

i± 

=  — i-  nearly. 
qj_ 

Cq 

^Cq_ 

cq 

fe 


We  see  that  the  rays  from  various  points  in  the  object  enter 
the  eye  in  the  same  relative  directions  as  they  enter  the  naked 
eye,  and  therefore  the  virtual  magnified  image  is  seen  erect. 

Art.  99.     To  find  the  field  of  view  in  the  Galilean  telescope. 


The  eye  being  placed  close  to  the  eye-glass,  as  in  the  figure, 
let  q^  be  the  point  in  the  image  determined  by  drawing  a  line 
through  C  the  center  of  the  object-glass,  and  the  upper  edge  of 
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the  pupil  of  the  eye ;  then  the  point  in  the  object  corresponding 
to  q^  will  be  seen  by  half-pencils,  and  may  be  taken  as  the  limit 
of  the  field  of  view.  Let  the  half  aperture  of  the  pupil  equal  a, 
then, 

The  angular  field  of  view  =  Lq\Cq 

_M 
-qC 

a 


fo-fe 


This  value  is  always  small,  and  becomes  smaller  as  /,  is 
increased  and  /«  diminished,  or  as  the  magnifying  power  is 
increased. 


ON  THE  COMPOUND  REFRACTING  MICROSCOPE. 

In  the  ordinary  compound  microscope  the  object-lens  is  a 
double  convex  of  short  focus,  as  c  in  the  figure.  A  small  object 
being  placed  at  QQ,  an  image  of  it  would  be  formed  in  the  con- 
jugate focus  qq  ;  but  the  field-lens  C  being  inter- 
posed, the  pencils  are  brought  to  a  focus  at  qiq^* 
and  the  magnified  image  formed  there  is  viewed 
by  means  of  an  eye-glass  c',  by  an  eye  situated 
at  e. 

Many  variations  of  the  annexed  form  have  been 
constructed ;  as  for  instance,  two  lenses  near  toge- 
ther are  sometimes  substituted  for  the  one  c',  and 
the  field-glass  removed  farther  from  them ;  and  in 
general  the  aperture  of  the  object-glass  c  is  limited, 
to  produce  a  more  distinct  though  less  bright 
image.  A  diaphragm  is  also  frequently  placed 
between  the  object  and  field-glasses,  near  to  the 
former,  the  circular  aperture  in  which  allows  a 
certain  magnitude  to  the  pencils  forming  the  central  parts  of 
the  field,  and  causes  the  outer  parts  to  be  formed  by  pencils 


Q'    Q. 
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passing  excentrically  through  the  object-glass,  so  as  to  make 
them  to  be  seen  more  accurately  than  they  otherwise  would  be. 

Art.  100.  To  find  the  magnifyiny  potver  of  the  compound 
refracting  microscope. 

In  finding  the  magnifying  powen  of  telescopes,  we  supposed 
the  visual  pencil  on  emerging  from  the  eye-glass  to  consist  of 
parallel  rays,  as  that  entering  the  naked  eye  would,  when  coming 
from  a  distant  object.  In  finding  the  magnifying  power  of  a 
microscope,  we  have  to  compare  the  angle  the  object  subtends 
to  the  naked  eye  at  the  least  distance  of  distinct  vision,  with  the 
angle  which  the  image  formed  by  the  microscope  subtends  when 
the  visual  pencil  enters  the  eye  in  the  same  state  of  divergence, 
or  as  if  coming  from  a  virtual  image  at  the  least  distance  of 
distinct  vision. 

Let/ be  the  focal  length  of  the  object-glass  c,  /'  that  of  the 
field-glass  C,/ethat  of  the  eye-glass  c.  Let  cg'  =  Z=the  length 
of  the  instrument  nearly,  e  =  the  least  distance  of  distinct  vision. 

™,  .^  .  the  angle  q.  q^  subtends  at  the  eye 

Ihe  magniiymg  power  = -; ,  ^^  ^/  ^  \ ^ — 7: — "^ 

the  angle  0,0,  subtends  at  the  distance  e 


-QQ' 

- 

e 

e 
"  c'q^ 
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Substituting  from  these  in  the  preceding  expression,  we  have 
The  magnifying  power  =  ^—  +  Ij  M jlj  (-j—\) 

If  the  effect  of  the  field-glass  is  inconsiderable,  so  that 
-^  is  small,  at  the  same'  time  that  —  and  —  ai-e  leirge, 

The  magnifying  power  =—•— nearly. 

Je      J 

As  the  focal  lengths  of  the  object-glasses  of  a  microscope,  or 
as  they  are  generally  termed,  the  powers,  cannot  be  determined 
very  accurately  in  a  direct  manner,  it  is  necessary  to  measure 
the  magnifying  power  experimentally  when  it  is  required  to  be 
known  to  considerable  nicety.  This  is  performed  by  what  is 
called  the  method  of  false  vision,  which  may  be  very  conveniently 
used  also  to  find  the  magnifying  powers  of  telescopes.  A  smaU 
object  of  known  magnitude  being  placed  before  the  object-glass 
of  the  microscope,  its  image  is  viewed  by  one  eye  through  the 
instrument,  whilst  the  other  eye  is  directed  to  a  divided  scale  at 
the  least  distance  of  distinct  vision ;  when  the  microscope  is 
adjusted,  the  scale  and  the  image  of  the  small  object  will  be  seen 
together,  and  the  magnitude  of  the  image  can  be  read  upon  the 
scale.  This  magnitude  divided  by  the  real  magnitude  of  the 
object  gives  the  magnifying  power  required. 

When  the  magnifying  power  of  a  telescope  is  not  very  great, 
it  may  be  found  by  turning  it  towards  a  brick  wall  not  more 
distant  than  that  the  courses  of  bricks  can  be  counted  by  the 
naked  eye :  the  number  of  courses  to  the  naked  eye  which  cor- 
respond to  one  course  seen  at  the  same  time  by  the  other  eye 
through  the  telescope  gives  the  magnifying  power  for  that  dis- 
tance of  the  object. 

A  great  improvement  was  effected  in  the  compound  refract- 
ing microscope  by  the  introduction  of  achromatic  lenses  of  short 
foci  for  the  powers. 

For  some  years  past  the  achromatic  microscope  has  received 
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great  attention,  and  has  been  brought  by  the  artists  to  a  high 
degree  of  perfection  in  workmanship.  Achromatic  object-glasses 
or  powers  having  been  introduced,  Mr.  Lister  found  that  by  using, 
for  his  powers,  combinations  of  two  or  more,  separated  by  deter- 
mined intervals,  much  larger  pencils  could  be  brought  to  accurate 
foci,  and  the  instrument  would  bear  with  distinctness  much  higher 
magnifying  powers  than  with  a  single  achromatic  object-glass. 
Mr.  Ross,  the  eminent  practical  optician,  also  discovered  that 
the  distances  between  the  achromatic  lenses  required  to  be 
changed  for  the  most  distinct  eiFect,  when  the  microscope  which 
had  been  adjusted  for  viewing  objects  directly,  was  applied  to 
those  which  were  preserved  in  Canada  balsam  or  otherwise, 
under  thin  plates  of  glass. 

The  figure  represents  the  achromatic  micro- 
scope as  now  constmcted,  with  an  object -lens, 
consisting  of  three  plano-convex  achromatic  lenses, 
and  a  Huygenian  eye-piece.  In  the  fitting  up  of 
the  triple  object-lens  there  is  a  means  of  changing 
the  distance  of  the  lower  lens  from  the  two  upper 
ones  in  accordance  with  Mr.  Ross's  improvement. 

It  was  considered  a  great  achievement  when 
an  achromatic  object-lens  was  made  which  would 
bring  a  pencil  of  an  angle  of  near  twenty  degrees 
to  an  accurate  focus ;  but  since  Mr.  Lister's  views 
have  been  carried  out,  triple  lenses  have  been  made 
which  bring  pencils  accurately  to  a  focus,  of  angles 
of  more  than  ninety  degrees. 

The  students  who  wish  to  learn  more  particu- 
lars on  this  subject  may  consult  the  article  *  Micro- 
scope' in  the  Penny  Ci/clopcedia,  written  by  Mr. 
Ross,  at  whose  residence,  Featherstone  Buildings, 
Holbom,  as  well  as  at  that  of  Messrs.  Powell  and 
Lealand,  Seymour  Place,  Euston  Square,  may  be 
purchased  instruments  of  the  values  of  twenty, 
thirty,  forty  guineas,  and  upwards.  Messrs.  Powell  and  Lealand 
construct  a  very  good  achromatic  microscope  with  a  double  ob- 
ject-glass for  the  use  of  students,  at  the  price  of  seven  guineas, 
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which  is  suiHcicnt  for  nearly  every  research  in  animal  or  vege- 
table physiology. 


ON  DR.  WOLLASTON  S  DOUBLET. 

Dr.  Wollaston  conceived  the  idea  that  Huygens's  eye-piece 
turned  the  reverse  way  to  the  eye  would  form  an  excellent  mi- 
croscope, which  is  found  to  be  the  case ;  although  the  principles 
on  which  its  advantages  as  an  eye-piece  depend  do  not  hold  in 
the  same  way  in  this  use  of  it.  The  practical  opticians  have 
improved  the  construction  by  introducing  a  diaphragm  between 
the  lenses,  so  that  a  large  angular  field  is  procured  sufficiently 
accurate  to  shew  many  difficult,  or  as  they  are  called,  test 
objects. 

In  the  annexed  figure,  q  shews  the  place 
of  the  object;  a  and  6  are  the  plano-convex 
lenses,  the  focal  length  of  b  is  three  times  that 
of  a,  but  they  are  drawn  very  large  compared 
with  the  actual  magnitudes  and  focal  lengths 
which   are   frequently    used  ;    dc   is   the    dia-  u. 

phragm.  ""^ 

The  doublet  must  be  classed  with  the  single  microscopes,  and 
its  magnifying  power  is  determined  by  the  results  of  Article  89, 
after  the  focal  length  of  the  equivalent  single  lens  has  been 
found. 


ON  DR.  WOLLASTON  S  CAMERA  LUCIDA. 

This  instrument  consists  of  a  small  quadrilateral  prism  of 
glass,  of  which  AB  in  the  figure  is  the  perpendicular  section, 
held  in  a  brass  frame  which  is  attached  to  an  upright  rod  having 
at  its  lower  end  a  Screw  clamp  to  fix  it  to  the  edge  of  a  table. 
The  prism  being  at  the  height  of  about  a  foot  from  the  table, 
has  its  edges  horizontal.  Two  of  its  faces,  as  in  the  figure  on 
next  page,  are  at  a  right  angle  at  A,  and  the  faces  contiguous 
make  respectively  with  them  angles  of  67f  degrees  ;  so  that  the 
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remaining  obtuse  an- 
gle at  B  contains  135 
degrees. 

Rays  coming  from 
an  object  PQ  and  fall- 
ing nearly  perpendi-  >|rft 
cularly  on  the  first 
surface,  enter  the 
prism  and  undergo 
total  reflexion  at  the 

contiguous  surface ;  they  then  fall  at  the  same  angle  on  the  next 
surface,  and  are  totally  reflected  again  ;  and  finally  emerge  nearly 
perpendicularly  to  the  remaining  surface.  An  eye,  as  in  the 
figure,  receives  the  emergent  pencil  through  one  part  of  the 
pupil,  so  that  an  image,  jjg',  of  the  object  is  seen  projected  upon 
a  sheet  of  paper  upon  the  table.  The  rays  from  the  drawing- 
pencil  passing  the  edge  of  the  prism  enter  the  other  part  of  the 
pupil,  so  that  the  pencil  and  image  are  seen  together  upon  the 
paper,  and  a  sketch  of  the  latter  can  be  taken.  Strictly,  the 
image  is  equally  distant  from  the  prism  with  the  object,  and  so 
cannot  be  seen  distinctly  at  the  same  time  with  the  drawing- 
pencil  ;  but  a  plate  of  metal,  with  a  small  aperture  as  an  eye- 
hole, being  placed  at  the  edge  under  the  eye,  so  that  the  rays 
through  the  prism  and  those'  from  the  drawing-pencil  which 
both  pass  through  the  eye-hole  form  only  very  small  pencils, 
the  difficulty  is  greatly  diminished,  and  many  artists  have  ac- 
quired great  readiness  in  using  the  instrument.  Others,  how- 
evef$  have  never  been  able  to  acquire  this  facility;  and  other 
modifications  of  the  same  principle  have  been  proposed  to 
remedy  the  inconvenience  which  they  have  felt. 

The  reasons  for  two  reflexions  being  used,  instead  of  one 
from  a  single  metallic  mirror,  will  be  seen  from  the  discussion 
in  Article  8. 


ON  THE  CAMERA  OBSCURA. 


The  camera  obscura  is  constructed  in  a  variety  of  forms ;  but 
in  all,  the  intention  is  to  receive  upon  a  screen,  or  other  surface, 
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the  real  images  formed  by  a  convex  lens  of  external  objects. 
Amongst  the  uses  to  which  it  is  applied,  none  is  of  greater  in- 
terest than  photography,  by  which  a  permanent  picture  of  the 
•image  formed  in  the  camera  is  procured.  The  form  of  the  in- 
stnunent  as  used 

for   this   purpose     \ — U* LA.  -4-p 

is  similar  to  the 
figure,  which  re- 
presents a  rectan- 
gular box  of  wood, 
with  a  sliding  tube  at  its  fore  part  containing,  as  at  C,  a  convex 
lens :  at  AB  a  screen  of  thin  paper,  or  a  sheet  of  glass  ground 
rough  on  one  surface,  is  placed  in  a  fixed  position  in  the  inside 
of  the  box ;  and  the  back  of  the  box  is  either  left  open,  or  has  a 
door  to  open  or  shut. 

The  instrument  being  turned  towards  an  object  FQ,  and  the 
lens  being  set,  by  means  of  the  sliding  tube,  to  the  proper  dis- 
tance from  the  screen  AB,  there  will  be  formed  upon  it  an  in- 
verted image  pq,  of  the  object,  which  will  be  seen  through  the 
open  back  of  the  box,  upon  the  translucent  screen.  When  the 
camera  is  applied  to  photography,  the  lens  should  be  adjusted  to 
give  the  most  distinct  image  with  the  violet  rays,  as  the  chemi- 
cally acting  rays  accompany  that  end  of  the  solar  spectrum.  The 
screen  AB,  being  removed,  and  a  surface  of  prepared  paper  or 
silvered  copper-plate,  being  put  in  the  same  place,  and  having 
been  preserved  in  close  covers  from  the  action  of  light  until  the 
required  time,  the  image  is  allowed  to  fall  upon  it ;  and  after  a 
short  time,  produces  an  effect  upon  the  sensitive  surface  from 
which  subsequent  chemical  processes  develoj^the  photographic 
picture  of  the  object.  * 

The  inversion  of  the  picture  as  to  the  up  and  down  direc- 
tions, is  taken  away  when  it  is  turned  the  reverse  way  to  what  it 
is  in  the  instrument ;  but  there  remains  the  inversion  of  right 
and  left.  This  latter  imperfection  may  be  avoided  by  placing  a 
plane  reflecting  surface  or  mirror  between  either  the  lens  C  and 
the  image,  or  between  it  and  the  object,  as  the  author  shewed 
to  one  of  the  leading  photographic  artists  some  years  ago ;  and 
he  adopted  the  latter  method,  which  he  has  used  extensively. 
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although  it  is  accompanied  with  a  considerable  loss  of  light. 
The  plane  surface  has  mostly  been  the  totally  reflecting  internail 
surface  of  a  glass  prism. 

In  those  forms  of  the  camera  obscura  where  a  large  picture 
is  to  be  received  upon  the  screen,  this  latter  must  be  curved  to 
the  same  curvature  as  the  image,  so  that  the  foci  for  the  oblique 
pencils  may  fall  upon  it. 


ON  THE  MAGIC  LANTERN. 

The  use  of  the  magic  lantern  is  to  throw  upon  a  screen  in 
one  focus  of  a  convex  lens  a  magnified  image  of  a  picture 
painted  upon  glass  in  the  other  focus,  which  is  strongly  illumi- 
nated by  the  light  from  the  lamp  within  the  lantern.  The 
simplest  form  is  that  given  in  the  figure,  where  a  is  the  position 
of  the  picture,  h  the 
flame  of  the  lamp,  and 
c  the  convex  lens,  of 
which  A  is  the  focus 
conjugate  to  a,  and  J^,  J|^ 
therefore  the  position 

of  the  screen  on  which  L^_ _i. 

the  image  is  received. 
The  picture  being  in- 
verted at  a,  the  image 
at  A  is  erect.  The  lens  is  fixed  in  a  sliding  tube,  so  that  it  may 
be  brought  to  the  proper  distance  from  a,  for  forming  a  correct 
image  upon  the  screen.  As  the  image  is  greatly  magnified,  and 
has  over  its  whole  area  the  same  quantity  of  light  as  the  picture, 
minus  the  loss  in  passing  through  the  lens,  therefore,  although 
viewed  in  a  dark  room  with  the  light  within  the  lantern  care- 
fully prevented  from  shining  out  of  it  otherwise  than  through  the 
lens,  yet,  in  order  that  it  may  be  seen  brightly,  the  light  passing 
through  the  picture  must  be  very  strong.  To  increase  the 
brightness  of  the  image,  the  magic  lantern  has  generally  a  con- 
cave spherical  reflector,  as  at  d  in  the  figure,  or  one  or  more 
short-focused  lenses  between  h  and  a,  to  condense  a  strong  light 
upon  the  picture,  or  both  of  these  means  at  the  same  time. 
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The  oxy-hydrogen  microscope  is  only  a  particular  form  of 
the  magic  lantern;  the  brilliant  light  from  a  cylinder  of  lime 
acted  on  by  the  oxy-hydrogen  blow-pipe  being  substituted  for 
the  flame  of  a  lamp,  and  several  condensing  lenses  placed  be- 
tween it  and  the  picture.  To  procure  a  more  correct  image,  it  is 
usual  to  put  two  lenses  in  place  of  the  single  lens  c;  and  by 
having  a  means  of  changing  the  distance  between  them,  and  at 
the  same  time  keeping  the  picture  and  screen  in  the  conjugate 
foci,  we  can  change  the  magnifying  power,  as  shewn  in  Art.  89, 
and  thus  produce  the  effect  of  the  image  appearing  to  approach 
the  spectators  as  it  is  enlarged  in  magnitude,  and  to  recede 
from  them  as  it  is  diminished.  This  is  generally  produced  by 
the  phantasmagoria  lantern ;  the  spectators  viewing  the  image 
through  a  translucent  screen,  whilst  the  lantern  on  the  opposite 
side  is  slided  along  a  surface  nearer  to  or  further  from  the  screen, 
and  the  image  kept  distinct,  though  of  varying  magnitude,  by 
adjusting  the  lens  to  the  proper  distance  from  the  picture. 

What  are  called  dissolving  views,  are  produced  by  having  two 
lanterns  directed  towards  the  screen  at  the  same  time,  and  gra- 
dually shutting  out  the  light  of  one  lantern  as  that  of  the  other 
is  admitted. 

The  lucemal  microscope  is  the  magic  lantern  adapted  to 
shewing  images  of  natural  objects  upon  a  screen,  such  as  the 
transparent  wings  of  insects,  thin  sections  of  wood,  &c.  The 
modification  required  is,  that  the  condensing  lenses  may  have 
sufficient  power  to  collect  the  illuminating  light  into  the  space 
allotted  for  the  object. 

In  these  different  forms  of  the  magic  lantern  the  edges  of  the 
field  over  which  the  image  is  spread  will  never  be  very  distinct 
at  the  same  time  with  the  center,  unless  the  screen  has  the  same 
curvature  as  the  image ;  or  otherwise  the  picture,  &c.,  is  upon 
such  a  curved  surface  as  to  give  a  fiat  image. 
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ON  THE  SOLAR  MICROSCOPE. 

The  solar  microscope  is  the  same  in  principle  with  the  lucer- 
nal  microscope  and  magic  lantern,  the  difference  being  that  the 
light  of  the  sun  is  used  to  illuminate  the  object  whose  image  is 
to  be  thrown  on  the  screen.  It  is  generally  used  to  shew  mag- 
nified views  of  natural  objects;  but  is  also  applicable,  with 
similar  lenses,  to  shew  the  images  of  pictures,  like  the  oxy- 
hydrogen  microscope  and  magic  lantern. 


The  figure  represents  the  optical  construction  of  the  instru- 
ment, which  is  fastened  to  a  window-shutter  of  a  darkened  room, 
at  an  aperture  in  it  which  is  a  little  larger  than  will  admit  a  beam 
of  the  sun's  light  of  the  diameter  of  the  first  condensing  lens  Cj. 


The  body  of  the  microscope,  which  contains  the  condensing 
lenses  Cj,  C2,  C3,  and  the  power  h,  is  horizontal,  and  the  sun's 
light  is  reflected  through  it  by  the  mirror,  of  ordinary  looking- 
glass,  BC.  The  condensing  lenses  collecting  an  exceedingly 
strong  light  upon  a  small  object  at  a  in  one  focus  of  the  power 
6,  a  highly  magnified  and  very  bright  image  is  received  upon  a 
screen  at  A  in  the  conjugate  focus. 

The  solar  microscope,  the  lucernal  and  oxy-hydrogen  micro- 
scopes, as  used  to  shew  magnified  images  of  natural  objects,  are 
adapted  to  exhibit  them  in  an  agreeable  manner  to  a  company  of 
spectators  at  the  same  time,  rather  than  to  shew  their  minute 
structure,  as  Wollaston's  doublet  and  the  achromatic  microscope 
will  shew  them. 
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ON  THE  OPTICAL  SQUARE. 

The  optical  square  is  an  application  of  the  property  of  the 
reflection  at  two  plane  mirrors,  by  which  a  much  more  conveni- 
ent and  expeditious  instrument  is  produced  to  supply  the  place 
of  the  cross  used  by  surveyors  to  determine  directions  at  right 
angles  to  each  other. 

The  result  to  be  obtained  will  be  more  easily  understood  by 
examining  the  construction  of  the 
surveyor's  cross-staff,  as  shewn  in 
the  upper  figure,  where  ab  and  cd 
are  grooves,  at  right  angles  to  each 
other,  sawn  into  the  circular  head 
of  the  staff.  The  staff  being  stuck 
into  the  ground,  the  eye,  on  look- 
ing along  the  grooves  in  succession, 
sees  the  objects  whose  directions 
from  the  center  of  the  cross  are  at 
right  angles  to  each  other.  The 
inconvenience  and  delay  of  first 
looking  along  one  of  the  grooves 
and  then  along  the  other  might  be 
remedied  by  placing  a  mirror,  as 
mn  in  the  second  figure,  at  an 
angle  of  45°  with  the  direction 
of  ab,  and  sunk  so  far  in  the  head 
of  the  staff  that  the  eye  looking 
over  the  mirror  would  see  in  the 
direction  ab,  and  looking  into  the 
mirror  would  see  in  the  perpendi- 
cular direction  cd. 

The  optical  square  is,  however,  a  better  instrument  than 
either  of  these.  It  was  shewn  in  Art.  1 1 ,  that  the  deviation  of 
a  ray  of  light  reflected  by  two  plane  mirrors  in  a  plane  perpen- 
dicular to  their  intersection  equals  twice  the  angle  between  the 
mirrors ;  so  that  if  the  angle  between  the  mirrors  is  45°,  the  de- 
viation is  a  right  angle.  If  ef  and  gh  are  two  such  mirrors  of 
silvered  plate-glass,  and  the  silvering  of  gh  be  removed  from  its 
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outer  half,  the  objects  beyond  will  be  seen  through  this  part  at 
the  same  time  with  a  faint  reflection  of  the  light  coming  from 
the  other  mirror  at  the  surface  of  the  glass.  The  object  in  the 
direction  of  ah  will  seem  coinciding  with  the  image  of  an  object 
in  a  direction  ec,  at  right  angles  to  ah,  given  by  the  two  re- 
flexions; and  thus  the  perpendicular  to  a  given  direction  is 
determined  with  accuracy  and  expedition. 


ON  HADLEY  S  SEXTANT. 

Hadley's  sextant  is  an  instrument  for  measuring  the  angle 
between  two  given  directions,  by  means  of  the  property  of  two 
plane  mirrors  inclined  to  each  other,  which  is  investigated  in 
Article  1 1 .  The  mirrors,  which 
are  of  silvered  plate-glass,  are 
placed  as  at  a  and  h  in  the 
figure,  and  both  of  them  per- 
pendicular to  the  plane  of  the 
instrument ;  the  one  /at  h  is 
fixed  to  the  frame  of  it,  and 
has  the  silvering  removed  from 
its  (»wtcr  half;  the  other  at  a  is  ^s*^; 
fixed  to  an  arm  turning  about 
a  pivot  at  the  center  of  the 
graduated  arc  AB. 

The  arm  to  which  the  mir-  qt- 

ror  a  is  fixed  carries  a  vernier  at  C;  and  when  the  index  on  the 
vernier  points  to  0  on  the  graduated  arc,  the  mirrors  are  parallel. 
An  eye-hole  at  e,  or  a  small  telescope  directed  to  the  mirror  h,  is 
fixed  to  the  frame. 


Rays  of  light  passing  through  the  unsilvered  part  of  the 
mirror  6,  from  a  distant  object,  as  the  ofiing  at  sea,  and  others 
reflected  by  it  parallel  to  them,  will  be  brought  to  a  focus  to- 
gether in  the  telescope ;  and  if  these  latter  are  rays  from  a  star 
or  other  heavenly  body  which  have  been  reflected  by  the  mirror 
a  to  &,  the  image  of  the  star,  &c.  will  coincide. with  that  of  the 
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offing.  The  deviation  of  the  ray  Sa  from  the  star  is  its  altitude 
above  the  offing,  and  is,  by  Article  11,  twice  the  angle  between 
the  mirrors,  or  twice  the  degrees  contained  in  the  arc  AC ;  so 
that  half  degrees  on  the  graduated  arc  being  marked  as  whole 
degrees,  the  reading  by  the  vernier  gives  the  altitude  of  the 
star,  &c. 

By  the  same  method  the  angle  subtended  by  any  two  objects 
can  be  measured. 

On  land  the  altitudes  of  the  heavenly  bodies  are  determined 
with  this  instrument  by  measuring  in  a  similar  manner  the  angle 
between  the  direct  rays  from  the  star  and  those  from  its  image 
in  the  horizontal  surface  of  mercury  or  other  fluid,  which  is  then 
called  an  artificial  horizon.  See  the  proof  of  the  law  of  reflexion 
in  the  Introductory  Chapter. 


ON  THE  REFLECTING  CIRCLE. 

The  reflecting  circle  is  constructed  on  the  same  optical  prin- 
ciple as  Hadley's  sextant ;  but  the  whole  circle  is  graduated,  and 
there  are  two  or  three  verniers  at  equal  distances,  so  that  the 
angles  are  read  ofi"  at  diflferent  parts  of  the  graduated  circle ;  and 
the  average  gives  a  much  more  correct  reading  than  can  be  ex- 
pected from  the  sextant.  It  is  used  in  the  same  cases  as  the 
sextant,  where  stationary  instruments  are  not  applicable,  and 
the  objects  are  supposed  to  be  very  distant,  so  that  the  space 
between  the  mirrors  subtends  no  appreciable  angle  to  them. 
When  the  objects  are  near,  an  error  is  introduced  which  is  called 
the  parallax  of  the  instrument. 


ON  THE  MICROMETER. 


The  micrometers,  as  their  name  implies,  are  used  to  deter- 
mine the  measures  of  small  magnitudes.  There  are  several 
forms ;  but  the  only  one  which  will  be  described  here  is  the 
screw  micrometer. 
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the  two  readings  gives  the  angle  through  which  the  circle  has 
been  turned,  which  is  the  angle  ma7i  between  the  normals. 

The  arms  by  which  the  crystal  is  placed  in  its  required 
position  are  omitted  in  the  figure,  as  the  section  of  the  crystal, 
for  the  sake  of  distinctness,  is  drawn  disproportionately  large 
compared  with  the  circle.  It  will  be  seen  that  this  instrument 
suffices  to  measure  the  angles  between  the  plane  and  polished 
surfaces  of  crystals,  however  small  they  may  be. 
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A  Table  of  the  Refractive  Indices  of  some  substances  for  the  mean  rays, 
selected  from  the  large  table  in  Sir  John  HerscheVs  "  Treatise  on 
Light"  in  the  "  Encyclopadia  Metropolitana." 


value  of 

value  of 

SUBSTANCES. 

fi. 

substances. 

fl. 

Vacuum     .... 

1- 

Canada  Balsam 

1'528| 
1-549/ 

to 

Hydrogen  Gas    .     . 

1-000138 

Emerald 

1-585 

Oxygen  Gas  .     .     . 

1-000272 

Beryl    .... 

1-598 

Atmospheric  Air     . 

1-000294 

Nitrogen  Gas     .     . 

1-000300 

Topaz     .... 

Oil  of  Cassia 
Tourmaline    .     . 

to 

1-610| 
1-652) 

1-641 

1-668 

Chrysobebyl  . 

1-760 

Tabasueeb      .     .     . 

Miin 

1-1825/ 

to 

Sapphire    .     .     . 

1-768| 
1-794/ 

to 

Water 

1336 

Ruby     .... 

1-779 

Alcohol     .... 

1-372 

Sulphate  of  Lea 

D    . 

1-925 

Oil  of  Olives     .     . 

1-470 

Sulphur     .     .     . 

1-958) 
2-148J 

Gum  Arabic    .     .     . 

1-512 

to 

Camphor    .... 

1-500 

Glass  of  Antimony 

1-980| 
2-216/ 

Plate  Glass  .     .     . 

1-5001 
1-550/ 

to 

to 

Phosphorus    .     . 

2-125\ 
2-260/ 

Crown  Glass 

l-525\ 
1-544/ 

to 

to 

Diamond     .     .     . 

2-439\ 
2-755/ 

Flint  Glass    .     .     . 

1-576| 
1-642J 

to 

to 

Realgar     .     .     . 

2-549 

THE  END. 
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